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TY motives that induced me to publiſh the following 


| ſheets, were chiefly to ſettle the buſineſs of Mechanics upon 
the moſt certain and undeniable principles, and to point out 
and provide againſt ſuch material errors, as were moſt likely to ariſe 
from a too general application of the method of dividing forces ; 


which notwithſtanding may, in many caſes, produce juſt conclu- 


ſions, yet there are others wherein that method will prove defective. 
I have, in the enſuing pages, deduced the ſolutions to a great va- 
riety of important problems, by help of one general property of the 
center of gravity of a body, or of the common center of gravity of 
a ſyſtem of bodies; to wit, that thoſe centers will, when the bodies 
are at reſt, be in the loweſt place poſſible. The former of theſe 
caſes has been univerſally aſſented to; and the latter is, I think, fo 
very obvious, that any attempt towards a demonſtration thereof, 
would only ſerve to render it leſs evident ; eſpecially when we con- 
ſider, that as the abſolute motion of a ſyſtem of bodies acting mu- 
tually upon each other, depends entirely upon the motion of their 
common center of gravity ; and if, into this point or center, the 
whole ſyſtem were contracted, its motion would remain uninfluenced 
by ſuch a change made in the diſpoſition of the parts, it muſt, as 
bodies can only move but to deſcend, neceſſarily follow, that, when 
the common center of gravity of a ſyſtem of bodies is in the loweſt 


place, that ſyſtem can haye no tendency to move, becauſe, in any 


other poſition, the deſcent of the center of gravity of the bodies 
would (by the hypotheſis) be leſs than before. 


a 


* 
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THERE cannot, I apprehend, remain any doubt with regard to 
the certainty of the principle, upon which the inveſtigations in the 
enſuing Work are founded ; for in a great number of examples, 
where the reſolution of forces can with propriety be applied, the 
concluſions by either method are exactly the ſame. This may in- 


_ deed ſerve to ſatisfy thoſe, who are ſo tenacious of the method of 


treating mechanic problems by thediviſion and compoſition of forces, 
as ſcarcely to admit of any other; yet | flatter myſelf, that the me- 
thod I have purſued will, to the impartial reader, appear ſo ſatisfac- 
tory, as to remain a future criterion in mechanic diſquiſitions. 


THe inveſtigations with regard to the equilibrium of beams, ſuf- 
tained by means of ſtrings, are very different to thoſe required for 
the fame purpofe, when the beams are ſuſtained by weights; or, 
which is the ſame thing, by forces acting in the directions of thoſe 


ſtrings, to whoſe ends the weights were appended. For, when | 
beam is ſuſtained at reſt by means of two ftrings, it is very certain, 
the center of gravity of that beam will be in the loweſt place; 


but, on the other hand, when two weights, acting in the former 


directions of the ſtrings, perform the office of ſuſtaining the beam, FX 
it is the common center of gravity of the beam and weights that 


mult poſſeſs the loweſt place; and as there are innumerable caſes, | 
wherein thoſe centers may not coincide, or where the deſcent of one- 
may be a maximum when that of the other is not, it follows, that a 
change of ſituation may enſue, under the different circumſtances of 
ſtrings and weights : and to the want of having properly attended to. 


this particular, I apprehend, may be aſcribed the miſtakes which ſome 


conſiderable writers on Mechanics have fell into; becauſe the ſame 


method of reaſoning, by which they have deduced the true proper- 
ties of the lever, wedge, ſcrew, &c. and alſo of bodies ſuſtained upon 


inclined planes, cannot be extended to all caſes of ſuſpended beams. 
To inſtance this, the reader is deſired to refer to page 27, where, in 


a ſolution to the Xth Problem, according to Mr. Simpſons method, 


tranſcribed from his Freatiſe on Fluxions, it appears, that the ten- 
non of two cords AD, BC, (ſee fig. on p. 26.) ſuſtaining a beam or 
rod CD, at its extremes D and C, are to each other as fin BCD x 
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'CG to fin ADC x DG reſpeCtively ; but, by the ſolution to Problem 


XXVIII, thoſe tenſions are to each other as — to 88 This 
latter ratio of the tenſions ſhews, that the beam CD cannot be ſup- 


ported in that poſition, wherein ABC is a right angle, becauſe HB 


then vaniſhing, the ratio of Q to P becomes infinite; but the former 
points out no ſuch reſtriction with regard to the angle ABC, for as 
the ratio of the tenſions there depends upon the meaſure of the 
angles ADC, BCD, which always remain finite, be the angle 
ABC what it will, there can no poſition of the beam be aſſigned, 
wherein that ratio cannot be aſcertained. Another proof of the 
inſufficiency of the abovementioned ratio of the tenſions of the 
cords may be deduced from that well known principle in Mecha- 


nics, mentioned at page 33, whereby it appears, that ABC being a 


right angle, if AD and HC be produced till they interſect, a right 
line drawn from the point of interſection, through the center of 

gravity G of the beam, ſhould be perpendicular to the horizontal 
line AB; but as this is manifeſtly impoſſible, when BC coincides 
with CH, or, which is the ſame thing, when ABC is a right angle, 
it follows, that no forces whatever, acting in the directions AD 
and BC, can ſuſtain the beam DC in the propoſed ſituation. The 
fault here ſeems to ariſe from fuppoſing the anon acting in the 
directions AD and BC, to continue the ſame when the beam is 
freely ſuſpended as they were before, when the ends C and D 
were moveable about thoſe points by means of pins fixed therein 
alternately ; for although it is very certain, that Q._ is equal to 
12 ET * w, when DC is moveable about the fixed point 


in HDC 3 
C; and alſo, that = BCD exe, will expreſs the weight ne- 


ceſſary to ſuſtain the beam CD, when moveable about the point 
D as fixed; yet when the beam is freely ſuſpended by the weights 


Q and P, acting thereon at the ſame time, their reſpective va- 
lues, and conſequently their ratio, will be changed from what they 
were before: this will appear evident by the ſolution to the 


 XXVUlth Problem. 
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Ir is ſomething remarkable, that in the inveſtigations relating 
to the ſolutions of mechanic problems, it often happens the infe- 
rior caſes are not included. Inſtances of this kind occur in ſeveral 
of the problems before us, as at page 55; wherein, if we ſuppoſe 
ED= o, the problem there propoſed will become exactly the ſame 
with Problem I. Now when ED= o, the firſt general equation in 


the ſolution to the XXVIIth Problem will be reduced to => =: 


W | 
Dj? and the ſecond will entirely vaniſh; AE and DH in the figure 


at page 55, correſpond with AC and EC reſpectively, in the figure to 
Problem I; therefore S ſhould be equal to EC and conſequently 
Q: W:: AC: EC; but, by the ſolution to the Iſt Problem, Q. 


W:: 28 i 22 whence it is evident, that the general ſolution to 


the XXVIIth Problem, does not include the particular caſe pro- 
poſed. In the very ſame manner it may be ſhewn, that the equa- 


tion Dx _ S 3 at page 9, cannot be deduced from either 


of the equations at page 57, by making ED= o, notwithſtanding : 
that when ED =o, the problem is exactly the ſame with that at 


page 8. 
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N NM N order to facilitate the operations for determining the place of 

8 1 N the center of gravity of a body, or that of the common center 

| of gravity of a ſyſtem of bodies, (the chief difficulties that occur 
/ 1 KEN jn the enſuing pages) the two following lemmas are premiſed. 


LEMMA I 


E T 4a cd be a horizontal line, to which the weights AB CD, Sc. 

| are appended by means of the ſtrings A a, Bb, Cc, Da, &c. then 

. will (M) the R NN diſtance of the common center of gravity of 
ftdhoſe weights from the ſaid horizontal line, be equal to the quotient ariſing 


9 


by dividing the ſum of the products of the weights into the lengths of 
t 1 their reſpective ſtrings, by the ſum of all the weights; that is, 
f MEA xXA+B BTCC CT DAN D, Ac. 
e MEET” a4 £5 <- f 
Join the points A, B, with a right line, and 3 5 
let G be the place of the common center of | | | 
gravity of the weights A, B, draw G, and P 
AP reſpectively parallel to Aa, and 4 c d. ©N Fl. 1 D 
Then by the fimilar triangles APBAOG, - N 
8 AB: AG:: P A G O, whence 5 0 
A — A = | 
INA, or R&B TA B 5 
Aa=Gg, but by the property of the center * 
N of gravity A GK ASB GX B; therefore AG:BG:: B: A, and AB: 


AG:: ATB: B, alſo AB: BG: AB: A, from theſe proportions we 
B 


| whence the law of continuation becomes manifeſt. 


| CD:ED::a+4+c:c, ad ED = 
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33 AFB and XB- ATE, let theſe be put for their equals in the laſt 


3 A AxAa+BxBb 
I 
=Gz. Let the weights A,B, whoſe fum call W, be placed at G, their 
common center of gravity; then if we join the points G C with a right 
line, and ſuppoſe S to be the common center of gravity of the weights 
W, C, the perpendicular diſtance S s of that center from the horizontal 
line will, by the ſame way of reaſoning as before, be expreſſed by 


found value of Gg, and we have 


 GgxW+Ccxc 


I in which for Gg and W, ſubſtitute their reſpective va- 


 AxAa+BxBb AxAa+BxBb+Cxcc 
lues, viz, T_— and AB, we have S5= 1 
In the ſame manner it may be proved, that the perpendicular diſtance of 
the common center of gravity of the four weights A, B, C, D, from the 


EE Y xn AxAa+BxB4+Cxci+DxDd 
horizontal line @ c d, is equal to Gy 


As this operation only determines the neareſt diſtance of that line (drawn 
parallel to the horizon) from à d, in which the common center of gravity 


of the propoſed weights will always be found, we muſt, if the real place of 


that center be required, alſo inveſtigate the point in ad, from whence a 
perpendicular being let fall, will, by its interſection with the above-men- 
tioned parallel, give the place of the common ceater of gravity of all the 
weights. In order to which let a, 6, | 
be two weights hanging at the rod 


AB, and ſuppoſe D the place of their + SRI. "LA. 8 NW K 

common center of gravity, then we 1 | | 

have AD Xa=DB x6, whence 3 | 

AD: DB:: 3: a, and AD+DB: C | 2 [4 

AD: : 2“: B, that is AB: AD:: P + L 15 
ABxb S ath 6 


b +a: b, therefore AD = wy | 


Again, let c be another weight appended at C, and let them all be trans- 


ferred to E, then to find this point we have CExXc=EDxXa+5:-.: 
EC;:ED::a+56:c, and rn that is 
HP EE 2 

3 AES AD — ED = 
ABXx5bc 


but AD—AC=CD, and C Dx =——=7* 


ABK YO CDxc 
217 a+b+c* 


+ACxac ABxb+ACxXc 
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ABN - ACS -A C B N 5 
— ACXc= = — 3 D, therefore AE = ">> 


ABXbc—ACxbc—ACxa . Al  ABxbx a+b+c—APBxXbc+ACXcb 
a+0Xa+b+c 8 b+axa+b+c C 


b+aXxa+6b+c a+b-+c p be another weig t beſides the 


former, all ſuſpended in equilibrio in the point Q. Then PQ x p = 


QExa+3+c-.:PQ:QE::a+b+c:p, andPE:QE::a+ 


| PE X | 
S TS: p, whence QE = r AQSAE— QE = 
ABxb+ACxc PEX 


— but AE—AP=PE, and PE x S 


BAN DAC 3 _ ABXb+ACxc 
22 — AP x p, whence AQ = —_—_— _ 
BA xb9—AC xp c+AP xpXaF3Þc _ ABXI+ACX xpxa+d+c 
a+b+cxa+b+c+0 | | _ a+b+cxa+b+c+p 
—BAxXI—ACxcxp+APxopxatitt io 
a+6+C X a+b+c+Þ e 


ABXb+ACxc+APxp 


a+b+c+0P 


From theſe operations it appears, that the ſum of the products of the 
weights by their reſpective diſtances from A (ſuppoſed the point of ſuſpen- 
ſion) divided by the ſum of all the weights, gives the diſtance of their 
common center of gravity from the point A. | 


This property of the center of gravity of a ſyſtem of bodies is demon- 
ſtrated by moſt writers on Mechanics, but in a manner different to the 
above. | 


ö 


4 A. eh INTRODUCTION # te 


L E MM A II. 


LROM the ſum of the ſquares of any two ſides of a plane triangle, 
ſubtract the double product of thoſe two ſides into the coſine (radius 

being unity) If the angle they contain, the re- 
mainder will give the ſquare of the third ſide. 

Let ABC be any plane triangle, from an 
angular point C let fall upon AB the perpen- 
dicular C D, it is obvious that 2 AB X BD = 
AB x BD+AB x BD, but AB — ADS DB. | 
therefore 2 AB x BD=AB* —<ABXAD+AB B = ů 
XB D, or AB Xx AD-DB=AB*—2AB x BD, 


that is AB*—2AB x BD=AD=—DB:, bur BC—BD*=—AC*>— ADs 


by the figure, whence by adding theſe two laſt equations we get AB. + 
BC*—2 ABXBD=AC*-, or which is the ſame thing, AB ＋ BC 


2AB BCA AC:. Now if BC be radius, BD will be the co- 


, BD. 
une of the angle A B C, but to the radius 1 ; C is that * therefore 
AB. T BC. —2 AB BC xcos < ABC SAC. 


— 


If the included angle ABC be obtuſe, then becauſe the coline of an 


angle greater than 90, is always denoted by that of its ſupplement with 


a negative ſign the laſt equation will be changed into AB*+BC*+2AB x 


wa 


| 


? 


BCC x cos ABC AC. When ABC becomes a right angle, 2 AB 


X BC x cos < ABC vaniſhes, and AB ＋ BC* is then equal to AC *, a 
well known property of a right angled plane triangle. The demonfration 
of this lemma may be eaſily obtained by help of the 12th and igth propo- 
firions of the ſecond book of Euclid's Elements, for in the 13th it is proved, 
that in an acute angled plane triangle ABC, AB*+ BC: =AC*+ 


 2ABxDB; and in the 12th, that, when ABC is an obtuſe angle, 


\ 
= 


AB*+ BC*=AC*— 2 AB NKL DB, in either caſe, by making radius 
equal to unity, and ſubtracting as before, the very ſame theorems will be 
produced. | | = | 


PROBLEM 


1 triangle CEB, it will be C B.: 1 (radius) : : 
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PROBLEM I. 


O determine the poſition of the thread BC AD having one end 

faſtened to a tack at B, the other end paſſing freely over a {mall 
pulley at A in the horizantal line, BA) when two known weights Qs, 
appended at the given points D, C, ſuſtain each other in equilibrio. 


SOLUTION. om 


Put AB d, BC=a, CAD = I, draw CE 
perpendicular to A B, and call AE, x, then 
EB =d—x, whence EC= Va- zd P 
and AC=\/a*—d* dx) therefore AD=/— 
Hai +24x) and (by Lemma 1.) the per- 
pendicular diſtance of the common center of gravity of the weights Q, W., 


from the horizontal line AB, will be expreſſcd by / -A. —4 22 
Wa- = πνν divided by Q+W, which muſt be a maxi- 


2d x 2 dx —2 Xx * 
mum, in fluxions we have — 


AB EB EB AB 
W= W.:: 
* o, whence A 6 SWXREC- and Q: EC IC 


Coror. 1. Q: W : : ſin E CB: fin AC B, for in the right an- 


EB:& = fine ECB, 
EC. 


whence the ſine of the angle ABC is equal to 58 therefore AC: BS 


EC AB EB AB EB ECXAB, 
AB: D = fin <ACB, 


that is Q:W:: fin ECB: fin <ACB. 


Conor. 2. When Q =w, then the fine of ECB will be equal to the 


fine of A CB, and conſequently the angle A CB, together with the angle 
ECB, make 180 degrees. 


Conor. 3. If the weight ww ſlides freely Jong the thread, ons as Ac 
will be equal to BC, EC = 
— = 


= = (when Q =w) 
c 


2 Va = + 24x + 2 a*—d* + 24x— x 


conſequently EC EC XC TCB ACX IC x BO! 


"file 
3 
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CooL. 4. The weight Q will be the leaſt poſſible, when ACB is a 
Ping” 
right angle: For by Cor. 1. I e = Q, and will certainly be 
the leaſt when fin AC is the greateſt poſſible, that is, when AC B 
i: a right angle. | . 


This problem may be anſwered by the reſolution of forces, thus: 
Let the force, acting in the direction CB, be repreſented by F, which 
force may be divided into two others acting in the directions CE and BE, 
5 E Cx F E BN F | TY PLE 
whence —— and are thoſe forces reſpectively. In the ſame 
manner may the force Qacting in the direction A C, be divided into the 
forces — and ** Xx Q : Now it is very evident, that the ſum of the 
two forces acting in the direction CE, muſt be equal to w, and alſo that 
the forces acting in the oppoſite directions AE, EB muit, in order that : 
the weight C, may have no tendency to move horizontally, deſtroy each ” 
TL VTV 
other; hence theſe equations, viz. 1 - "IC = and _—_— 
EXE ACXEBxF 
1 5 AEX N 
e AEXECXQ _ | Po 
and there will ariſe I” + TOE mT (becauſe AE + 
BE =AB) ECXABxQ = ACX EB N, and conſequently Q: w: : 
EB AB ve : 
EC AC 


„for BC in the firſt equation ſubſtitute its equal 


> mw — * 
£ nnn .. N , 
Fore a" 1 . 


the very ſame determination as before. 


_— 


PROBLEM II. 


F at the ends of a thread DAE, moving upon the fixed tack A, 

there are hanged two weights D and E, whereof the weight E flides 
along the oblique plane BG, to find the place of the weight E where theſe 
weights are in equilibrio, 


$091 UT10N0 


Let DAEH be the required poſition, and ſuppoſe the weight E, in- 
ſtead of being ſupported by the plane BG, to be ſuſtained by a thread 
E H, perpendicular to the ſaid plane, and faſtened to the point H; then 
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by the foregoing problem D: E:: ſin CE H: fin AE H. Upon 
EK produced (if need be) let fall the per- 
pendicular A B, which put S , call the A N 3 
iven part AK of the horizontal line 5 
AH, c, and BE, x. Then by plane trigono- 


metry, c: 1. (radius) :: 4: — 2 ſin ARB, 


Cc 


and GFR i: 1: —=— = C08 N 1 
< AEB equal to that of AE H, then 1 
2 * | a*F, | 


: ..:: D: E, whence 2x 
EE Vat + x- 7 Vlc. a- 


| Otherwiſe, | 
Let J be put for the length of the ſtring E AD, the other letters re- 
maining as before, we ſhall have AE = /#+x*, AD = !1—/2*F+"? 
and K E =x Me — ang hence by Lemma 1, 1 D DV . + 
TL 


, expreſſes the perpendicular diſtance of the common 


5 a EX 


center of gravity of the weights D, E from the horizontal line AH, which 
(becauſe a maximum) being put into fluxions and properly reduced, gives 
e befor 

x = FF tbe lame as before. 


* 
72 
* 
ig 
$ 
_ 
* 
1 
ö 
3 
' 
L 
+ 
by 


Sir Iſaac Newton's method of ſolution, fee his Univerſal Arithmetic, 
p. 157. : 

Suppoſe the problem done, and parallel to A D, draw E F, which let 
be to A E as the weight E to the weight D. And from the points A and 
F, to the line BG, let fall the perpendiculars AB, FG. Now firce the 
weights are by ſuppoſition, as the lines AE and EF, expreſs thoſe weights 
by thoſe lines, the weight D by the line EA, and the weight E by the line 


'» EF. Therefore the body E, directed by the fo: ce of its own weight E T, 
= | tends towards F, and by the oblique force E G tends towards G; and the 
P ſame body E, by the direct force A E of the weight D, is drawn towards 
A, and by the oblique force BE is drawn towards B. Since therefor? the 

weights ſuſtain each other in equilibrio, the force by which the weight E. 

is drawn towards B, ought to be equal to the contrary force by which it 

8 tends towards G, that is, B E ought to be equal to EG. But now the 


id ratio of AE to E F is given by the hypotheſis; and by reaſen of the 
_ given angle F E G, there is alſo given the ratio of FE to E G, to which 
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BE is equal. Therefore there is given the ratio of AE to BE; AB is 
alſo given in length, and thence the triangle A BE, and the point E will 
be ealiiy given, viz. make AB =a, BE x, and AE will be equal to 
Wa- +x*, moreover let AE be to BE in the given ratio of 4 to e, and 
eVa*+x* will be = dx, and the parts of the equation being ſquared and 

| | " : „ 
reduced, ee aa g Add xx - ee xx, or x = 722 Therefore the length 


BE is found, which determines the place of the weight E. 


3 "bd ET : 
By the foregoing ſolution it appears, that x = . but in 


order to ſhew that theſe values of x age exactly the ſame, we muſt ſubſti- 
tute for D, E, Sc. their reſpective values in terms of 4 and e. Now AE: 
BE: : d: e, and EF: AE: : E: D by the hypotheſis, but FE : EG:: 
AK : AB, by the ſimilar triangles EF G, AB K, wherefore AE: EG:: 


5 : Ip" or as d: e, becauſe BE = EG, conſequently E - E 

; 2 _ 3 1 9 T 5 f 

: whence Er: 5:4: 60, and again E. 5 5 1 

0 . 1 2 therefore 

TM 3 D E. an % — 28 WD: — Ed » ore 
ea * FE: 


S 


— 22 * 


PROBLEM II. 


F on the ſtring DAC B F, that ſlides about the two tacks A, B, placed 
in the horizontal line AB, there are hung three weights D, E, F. D 
and F, at the ends of the ſtring, and E at its middle point C, placed be- 
tween the tacks: From the given weights and diſtance A B, to find the 
ſituation of the point C, where the middle weight hangs, when the three 
weights are in equilibrio. 


SOLUTION. 
From C draw CE perpendicular to AB. Put AB = 4, the ſtring 


CBF =, EC g, BE = x; then AE dx, and Ac = , 
whence 


Q@ (0 | ww 
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whence AD = L—vVj—* +5" (L being put for the ſtring CAD) and 
BC = V/i*+;,) conſequently B F - Vr, and (by Lemma 1.) 
A 

LxD—DxVd—i+7* +3 xXE+IxF= | 


the perpendicular diſtance of the common 
center of gravity of the weights D, E, F, from 
the horizontal line A B, will be expreſſed by 


D+E+F 
FV . which muſt be a maximum; 
D+E+F : 


; | | : PI 3 
in fluxions with x conſtant, gives — 
d—x +Y 


3 
| [=) 


Loy 


„ So, whence E — IC > 
— E 2 and by taking the fluxion of the 
| De a- X—X 


ſame expreſſion with y invariable, we have — + 
d —x ty 


Dx AE _ FxBE : 


=6, « "=" > "We 


Conor. 1. F: E:: AEXBC: AB EC:: fin < ACE : fin & ACB, 
and D: E:: ſin <q ECB: fin ACB. 


Conor. 2. If ACB be a right angle, then D F:: : AC. 


Coror. 3. Through C let HCP be drawn 
from any point, as L in BC produced, draw LH and I. P, the former 
rpendicular, and the latter parallel to the horizon; then if a heavy body 
be ſuſtained upon the inclined plane HCP, by a = 

direction AC, to which H 8 is drawn parallel, the ſuſtaining power, weight 
of the body, and its preſſure upon that plane, will be reſpectively as SH, 
HL and LS. For if the weight E repreſents a heavy body, ſupported 
upon the inclined plane HC P, by means of the weight D acting in the 
direction AC, its preſſure upon that plane will be expounded by the weight 
F, acting in the direction CB; this being premiſed, it appears by Corol. 1, 
that F: E:: ſin ACE: fa A CB, and D: E:: fn ECB: fin 
< ACB, whence D; E and F are reſpectively as the fines of the angles 
ECB, AC B and ACE. But the angle ECB is equal to the angle 
HLS, the angles ACB, HSC are equal, and the angle ACE is eq 
to the angle LHS; therefore the fines of the angles of the triangle HLS, | 


power actin 


perpendicular to B C, and 


——— 


g in any given 


GK will be equal to KH, and CK CI, and 
angle GH I. For draw PQ through C, per- 
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_ — the ſides HS, HL and LS, are as the weights D, E 
Coror. 4. If a heavy body be ſuſtained upon an inclined plane, by a 
power acting in a direction parallel to that plane, then the weight of the 
body, the power that ſuſtains it, and its preſſure againſt the plane, are re- 
ſpectively as the length HP, height LH, and baſe LP of that plane. For 
in this circumſtance H S coincides with HC, and LS with LC, therefore 
D, E and F, are as HC, HL and LC; but HCN HP = HL and HP 
x LC = HL x LP by the ſimilar triangles HLP, HLS and LCP, there- 


fore E, D and F are as HP, HL and LP. | 


Conor. 5. If a heavy be ſuſtained upon an inclined plane by a power 
acting parallel to the horizon, then the preſſure on the plane, the power 
and the weight, are reſpectively as radius, the fine and coſine of the plane's 


elevation. For in this caſe HS is parallel to LP, and therefore the triangle 
' LHS now becomes ſimilar to HLP, and conſequently LS, HS and HL, 


are as HP, HL and LP, that is, as radius, the ſine of the angle HPL, 


and ſine of the angle LHP. 


Cokol. 6. The power D is leaſt when its line of direction is parallel to 

the horizon. | . „ 
Sir Iſaac Newton's method of ſolution to this problem, ſee his Univerſal 

Arithmetic, p. 159. 8 


Since the tenſion of the thread AC is equal to 
the tenſion of the thread AD, and the tenſion f 
the thread B C to the tenſion of the thread BF, 
the tenſions of the ſtrings or threads AC, BC, 
EC, will be as the weights D, E, F. Then 
take the parts of the thread CG, CH, CI, in 
the ratio as the weights, compleat the triangle 
G HI. Produce IC till it meet GH in K, and 


conſequently C the center of gravity of the tri- 


pendicular to C E, and perpendicular to that, 5 5 
from the points G and H, draw GP, HQ. And if the force by which 
the thread A C, by the force of the weight D, draws the point C towards 
A, be expreſſed by the line GC, the force by which that thread will draw 
the ſame point towards P, will be expreſſed by the line CP, and the force 
by which it draws towards K, will be expreſſed by the line GP. And in 
like manner, the forces by which the thread B C, by means of the weight 
F, draws the ſame point C towards B, Q and K, will be expreſſed by the 
lines CH, CQ and HQ; and the force by which the thread CE, by 


CBF, CE Y, BE = x. Hence we get CB*= 
Vi AC= V+ T and AD=L— 
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means of the weight E, draws that point C towards E, will be expreſſed 
by the line CI. Now ſince the point C is ſuſtained in equilibrio by equal 
forces, the ſum of the forces by which the threads AC and BC do toge- 
ther draw C towards K, will be equal to the contrary force by which the 
thread E C draws that point towards E; that is, the ſum of GP + HQ 


will be equal to CI; and the force by which the thread AC draws the 


point C towards P, will be equal to the contrary force by which the thread 
BC draws the ſame point C towards Q; that is, the line PC is equal to 


the line CQ. Wherefore ſince PG, CK and QH are parallel, GK 


will allo =KH, and CK (= =D) =! CI, which was to be 


ſhewn. It remains therefore to determine the triangle G C H, whoſe ſides 
GC and HC are given, together with the line CK, which is drawn from 
the vertex C to the middle of the baſe. Let fall therefore from the vertex 


C to the baſe CH the perpendicular CL, and ql be=KL=— 
S For 2GK write GH, and having rejected the common 
divifor GH, and ordered the terms, you will have CG:—2 KC* + CH*= 
2 GK* or Ve NT CH? = GK. Having found GK, or KH, 
there are given together the angles GCK, KCH, or DAC, FBC. 
Wherefore, from the points A and B, in theſe given angles DAC, FBC, 


draw the lines AC, BC, meeting in the point C; and C will be the point 
ſought. 


When the points A and B are in the ſame horizontal line, this ſolution 
agrees exactly with the former. But if a general ſolution be required by 
the firſt method, when the points A and B have any given ſituation out 
of the horizontal poſition, then from the point A draw ASN parallel to 
the horizon, and from the point B draw 3 N perpendicular to AN; draw 
alſo CS parallel to FBN, and BE parallel to | 
AN. Put AB=4, AN = a, BNS, L and A S N 
for the reſpective lengths of the ſtrings CAD, —— — 


II alſo NF TI N _ 
and CS=b +y; conſequently, by Lemma x, W 
the perpendicular diſtance of the common center 
of gravity of the three weights D, E, F, from 
the horizontal line ASN, will be expreſſed by 


— 
- 
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I.xD--DX Whoy'bon +F xb+F xI—FxV3 FP+Exb+Exy 
D+E+F 
which, bccauſe a maximum, being pur into fluxions, with y conſtant, and 
AS SN 


8 equ ition thence ariſing properly ordered, gives D x == AC = EX &xg3 


ard the expreſſion for the maximum being again . into fluxions, with x 


CY C 
conſtant, will, when properly reduced, give Dx 507 +FFx& 82 = E. 


But theſe equations may be otherwiſe derived by i he reſolution of forces, 
thus: Let the force D, acting in the direction AC, be divided into two 
other forces acting reſpectively in the directions AS, 0 8, thoſe forces will 


CS: 
be denoted by D x > and DX 365 in the ſame manner by reſolving 


the force F, acting in the direction B C, into the 2 acting 1 in the di- 
E. 


BE 
rections C E, BE, we ſhall have F x 57 EB and F x CB for thoſe forces re- 


ſpectively. Now it is very evident, the forces acting in the contrary and 
parallel directions AS, BE, muſt deſtroy each other, otherwiſe the weights | 


would have a tendency to move horizontally, therefore D x — 8 =#F f 81 


And again, it is certain that the ſum of thoſe parts of the forces D and 
F, which act in the direction CS, muſt be equal to the abſolute force of 


CE 


| gravity or weight E; hence this equation D x ** ＋ F B E, which, 


together with the other before found, are exactly the ſame as thoſe above 
determined, and may be eaſily ſhewn to = with the 6 method of 
ſolution ** by Sir Newton. 


* 


PROBLEM IV. 


| By T three weights a, b, d, ſupport che weight C, after the manner 


deſcribed in the laſt problem ; to determine tneir poſition when in 
equilibrio. 


$SOLUTI ON. 
Suppoſe it done, and Ce A the poſition required. From e draw cD 


perpendicular t. to the horizontal line AC, put AC =q, CB, I l. 
and 
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and / for the reſpective lengths of the | ſtrings Bo, Ca, and c A d, 
BD x, cD=y. Then will BD V=, 
BS Vi N C = eee cA= 8 5 1 


Via="+9*( m =q—1), c N 2 *+5*; 5 


and Ad =1— V5 * By Lemma 1, 
the perpendicular diſtance of the common 
center of gravity of the four weights 4,6, c, d, 


from the horizontal line AC, will be expreſſed 


„„ b1—b FI + al—avViFrH) + dl —d FFF + es 
_ a+b+c+4 
the fluxion of which, making y conſtant, is + 3 2 x 


2 ws * Ton +7 
of a x 


o. And by taking the fl f the ſ ſſion, b 
2 o. y taking the fluxion of the an on, with 


a. dyy 
x conſtant, gives = foe 
t, gi r ED = + . o, from 
D DA 


theſe equations, properly reduced, we have 5 K ＋a ce == Ax ** 


D 


De 
and ix H + oxi tix e 


The fame concluſions may be otherwiſe derived by the application of 
the method of dividing forces, thus: The force @ may be divided into 
two other forces, acting in the directions CD, D, the force & may be di- 
vided into the forces acting in the directions BD, c D, and the force into 


thoſe acting in the directians AD, cD, whence we have a X . + bx = 


X Re 
d X * becauſe the forces acting on each ſide the point D, in the di- 


rection A C, muſt be equal; otherwiſe the weight c would 8 a ten- 


dency to move horizontally. Again, 4 *. + bX RN = =P * * — muſt be 


equal to c, becauſe thoſe parts of the abſolute forces a, ö, d, which act in 
the common direction c D, muſt together be equal to the whole weight c, 
which they ſupport. | 


7 
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PROBLEM V. 
7 T O the ends D and E of the firing DACBE ( (paſſing over two fixed 
tacks at the points A, B, in the horizontal line A B] let the weights 
D and E be appended ; tis "required to find the poſition of the ſaid ſtring, 
when a third weight C, (ſliding freely on the ſtring between the Lacks) ſhall 
be a juſt counterpoiſe to the former two. 


s O Luer 10 N. 
Let ACB be the required poſition ; from C draw C F. 
AB. Put AB = x, 1 he length of the fring DACBE, AF =x, | 
AC=z, AD=z. Then V/x* = FC, 1—x=FB, n= 
C, and 12 2 —2= BE; | 
Dxz+ V CRE 
PTC TE 
æx * E— EVN — E 
* expreſſes the per- 
pendicular diſtance of the common center of gra- 
vity of the three weights D, C, E, from the ho- 
rizontal line A B, which muſt be a maximum; ; 


| the fluxion of this ex reſſion, with x and y conſtant, gives D ES or 
Whence DE, the ſame expreſſion in fluxions with x and z conſtant, gives 


S an — „ =0; „ ans oe, EXC 


icular to 


conſequent! y = 


3 — WJ VY* rn —2nx vn 
AC-+CB 
es — * E, and in fluxions with x only variable, we have JS + 

nEX —- AF AB AC+CB 

on = So, whence FC * C= CB E, conſequently 3 


= = Io which can only 8 when AC= CB, and AF FB. Now 


becauſe D=E, it follows, that if the middle weight C be ſuffered to ſlide 
treely along the ſtring &, no equilibrium can enſue, unleſs the ſuſtaining 
weights D and E are equal, for otherwiſe the greater weight will deſcend 
continually until the lefler be quite pulled up to the horizontal line A B. 
Either of the foregoing equations expreſſing the relation of C to E, wilt, 
by * AC for CB, and AF for FB, become Cx CB FC x E, 


Its 
8» 
all 


9 8 


Ms +77: 1 (radius) :: 7: —— 
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and conſequently C: E: : 2FC: CB. If it were required to determine 
the poſition of the ſtring when the weights D, C, E, are in equilibrio, ſup- 
poſing one of the points as B ſituated out 


of the horizontal line A F H; then having 


drawn BH perpendicular to A H, and CF 
parallel to B H, join the points F, B, with the 
right line FB; put AH =m, HB r, 
AB =, FA=x, AC , AD = 2, I for 
pag length of the firing DA CBE, then 


3 FHS -x, FB = 
7 2 and by plane . 


MX r 


fin <BFH = cos <CFB, —_— Ls ) ly + 


Mx r. 2 NN Wax +1 x === = CB, which con- 


tracted becomes V y* Fw —Imx tr —2ar yer = CB. Hence 


| DEA y—*xC+-zxXE—XE—Ex V +m'—2mx —— — — 


D+C+E 


'=to the perpendicular diſtance of the common center of gravity of the 
three weights from the horizontal line AH (by Lemma 1.) which mutt be 


a maximum in fluxions with x and y conſtant, gives D - E = o, 
whence D E. Now let the ſame expreſſion be put into fluxions with 


z and x conſtant, and there will ariſe C x 2 E= = X?y 


A — N 
CAE _ACXFC—HBXAC + 
FC. - FCXCB 1 

 FCxCB | — X x 

e * E; if x only flows, we ſhall have = *C= 
—nX/FI>+rxxxE | —AF 2 

X Tm —2mx+r—2rvVy—x . FC ** = 
HBNAF — AH NFC E. * FCK AH HBxXAF 

4"; X contequent'y ; "x 
E — RB C 

Wo x FE | 4 . + 3 which properly reduced becomes 


FH AF 


CB S it now remains to thew, thes when this equation obtains» 
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the weight C will be in the loweſt point poſſible ; that is, the line CF, 
perpendicular to A 14, will be a maximum, let the ſituation of D and E 
de what they will. Put AO=x', O Cr, c for the coſine of the angle 
COB to the radius, , then that of the angle COA will be denoted 
by — c. By Lemma 2. we have AC equal to Vx* +y* + 2cx3,) 

C=vVic=:+—Ic—_, conſequently their ſum will be equal to 
 ACB. By the fimilar triangles ABH, AOF, we have AB: BH:: 


F. x 
AO:OF = F. hence CF-=y , which muſt be a maximum, 


therefore 1 = — jy. Now by taking the Auxion of ACB, we have 
xX+ vy+cyx+ cx) — X—= ax CP + CvX 5 
= A 4 += EFT EZ So; in this equa- 


Xx + y*+ 2CXy — Wes ＋ 5. — 24% — 


—.— 


tion, for 5 put its value, viz. or — £3 ( becauſe Sc) we get 
„ . Q P00 aka ©. 
— dea becauſe r=— cc = fin 1. 
3 0 ; but becauſe 1 cc 2 fn AO F, it fol 
lows, that x — cc = AF, and #—x— x cc or I X n=x = FH, 
AF, _ FH 
AC "-»C 


Coror. 1. If the point B coincides with the point H, then (C H being 
drawn) 22 88 25 or AF: FH:: AC: HC, which can only be true 
when AC HH is an iſoſceles triangle, or AF= FH, and AC= HC. 


_ Coror. 2. Becauſe AF: FH:: AC: BC, by the above inveſtigation, 
and AF: FH:: AO: BO, by ſimilar triangles, it follows that AO: 
BO:: AC: BC, and therefore the angle AC B is biſected by C F drawn 
perpendicular to the horizontal line AH. Hence the truth of what was 
advanced at Corol. 3. Prob. I. becomes manifeſt, viz. That if the weight 
20, (lee fiz. to Prob. I.) ſlides freely along the thread, then AC=CB. Ir 
alſo appears, that the three weights D, C, E, being ſuſtained in equilibrio, 
by means of a ftring DACBE, along which the middle weight freely 
ſlides, not only the two weights D, E, muſt be equal, but alſo that the 
middle one C will be in the loweſt point poſſible between A and B, and re- 
main conſtantly in that point independent of the ſituation of the equal 
weights D, E. But if we ſuppoſe the middle weight C, faſtened to a cer- 
tain point in that part of the ſtring upon which it was before ſuffercd to 
fiide, then if the weights D, E, ze equal, thoſe weights and the middle 

one 


therefore , the very ſame equation as was before determined. 


% YEW 


dius = 1; then, by Lemma 2, AG = 


TY LU &f 35 11 . . W ceo 


-- 
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one C, when in equilibrio, will obtain the very ſame ſituation as in the 
former caſe z but otherwiſe, the middle weight will be higher than the 
loweſt point, and, by its endeavour to deſcend, will ſo act upon the greater 
weight, as to become a juſt counterpoiſe to both the weights D, E, acting 
in their proper directions. 


— » " my _—— 
4 a * he alt 8 * * —_— 
Pos 


PROBLEM VI. 


x O determine the poſition of the ſtring HA BF D E, paſſing over 


three ſmall pullies fixed in the points A, B, D of the horizontal 
line A BD, when the given weights H, E, appended to the ends thereof, 
ſuſtain two other known weights G, F, (taſtened to the ſtring at the 


points G, F) in equilibrio. 


SOLUTION 
From the points G, F, draw GL and F K, each perpendicular to ABD; 


put AB = d, BD b, the ſtring GA H 


= 42, FDE = and GBF ==, BF=x, 1 1. N K 5 
fin < ABG E 2, fin <DBF=y, ra- . 


ar- 2 42 2 whence Af 
= =- VM zd LG 
n—xzXVvVi—z” ad DE=b— ö 
VEF+*—2bxy, KFZ XV i"; therefore, by Lemma 1, the per- 


pendicular diſtance of the common center of gravity of all the weights from 


the line AD is = HH xD 


H+G+F+E 
+Fx Vi- +6E —E VhÞh+xw—2bx)y) . PE, 
HTT FAE —— which being put into 
fluxions with x and y conſtant, and properly reduced, gives H x _ 


LB . 5 
SX LC: By taking the fluxion of the ſame expreſſion with x and z 


3 xyy bxy SDL B K 
ſt 8 af | — 1. | — 
conſtant, we get F x === E x /= 22 n 


F 


"© 
i 


whole by x, for 2 and y ſubſtitute their reſpective values x GB PE}... 
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Ex 5 _ p; · Now let only x flow, then we bave—H X — — 


2 AG 
box 
5 * * FEN - Ex rh = nike th 
BK 


FB. ve 
BG AB x LB FK BD x BK 
_—— —H x * NON EX HF +E x JEST Exp | 


| Gg. But in order to contract chis equation as much as may be, 


AB LBB 


lee the firſt of the foregoing equations, VIZ, Hx A S L de mul- 


GL* -. AB x LG GL 


vplid by Nr ARTE we en AGXLBXBG wa, of — 


BR FK 


| by multiplying the ſecond, vix. ＋ X F Ex 5 by Rye BF ve get 
FK BD x FK. FK GL 
Px yp =—x BE forFxgp and SG in in the above 


equation, ſubſtitute their equals thus found, and we ſhall have H x *© 


AG 

ABXBL — AB x LG* . B F E x BD x BK 

X3GxBG "XXGxLBxBG EX FDB Ex Fe 

BD x FE © AL x BG 

—E X * PBK IEE“ which properly reduced becomes H x X FExXLB 
\; DEX BE 


X Fer The ſame concluſions may be eaſily obtained by help 


of FR 3d Problem; for if P be the weight which, being appended to the 
ttring GB P, would fuſtain the weights H and G in equilibrio, it is very 
certain that the ſame weight P, being appended to the ſtring F B P, would 
alſo be a Juſt counterpoiſe to the other two F, E; and conſequently, by the 


H x AL BL BK DR 


above cited Problem, e =Pxxe BG and P * FP = =E X Fe DF exter- 


AL xBG DK BF 


minate P, we have H x 6 BL x AG Ex pp BE" Again by Corol. 1. 
of the ſame Problem, E: F:: BK FD: A e alſo H: G: LB x 


AB == BD 


very 2 equations as eſis 


a 
cr 


Li 


6 


in the general equation H x 


sn F MRO 


TazoRy and Practices of MECHANICS, 19 


Conor. 1. If AGB be a right angle, and E o, then, by the nature 
of the problem, F, by its abſolute weight, muſt ſuſtain G and II in equi- 


| librio, and conſequently F: G:: GL: BG. 


Coror. 2. If AGB and BED are right angles, the above general 
equations will become H x N XLC. F x KF EX Rp an 


KF KD AL 


L 1 
Fx pg: =Gxpe, whence H: E:: FK LC 2 2 tan FBK: tan | 


< GBL. 


Conor. 3. If two bodies G, F, ſuſtain each other upon the inclined 
planes G F, F B, by means of the ſtring GB F, whoſe parts GB, FB, are 
parallel to thoſe planes reſpectively, then the preſſures of the bodies G, F, 


_ thereon, will be in the direct ratio of the cotangents of the angles of eleva- 
tion of the planes above the horizon. For H and E repreſent the preſſures 
of the bodies G and F againſt the propoſed planes; and theſe are by the 


laſt Corol. in the ratio of the tangents of the angles FBK, GBL; there- 


fore, as the tangents of angles are reciprocally as their cotangents, it follows, 


that H is to E in the direct ratio of the cotangents of elevation. 


Conor. 4. The general relation of H to E, the angles AGB, BFD, 
* Sn fin <| AGL fm | DFK _ 

being either obtuſe or acute, is that of m=BGL to n E BFR. For 
- ALXBG __ DKxBF AL BL. 

TG NLB © *FDXBK TG "BG. 

are reſpectively the ſines of the angles AGL, BG L, as are alſo . 55 

thoſe of the angles B F K and D F K, radius being unity. 


1 Ps 5 0 — 


—— Mn ai * "I 


PROBLEM VI. 


F at the ends of the thread DAE, moving upon the fixed tack A, there 
are hanged two weights D and E, which deſcend through the oblique 
lines CD, BD, to find where theſe weights are in equilibrio upon thoſe 


_ oblique lines. 


SOL UT ION. 


Suppoſe the problem done, and DAE the poſition required. From the 
point A to the oblique lines, let fall the perpendiculars AC, AB, and let 


2 
2 —— == — 


— 
— - 
m — — 


3 BE: EG:: 1:7, and CP: DH: 


AD © oh BE = NV -= ME 


will be expreſſed by — 
the fluxion of this being made equal to 1 and the equation "Afi 


* 
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the lines EG, DH, erected from the weights perpendicularly to the hori- 


zon, meet them in the points G and 


II; through the point A draw SP pa- 
rallel to the horizon, meeting the ob. 
lique lines DC, EB, in the points N 
and M. Put c for the length of the 
ſtring DAE, a AB, „ AC, d= BM, 


* (N= b, AE = x, then will 


= VX -. — d. But ME: ES: 
EG: BE, by the ſimilar whey 


BEG, MES, that is, ES = — . and by the fame way of re- 
— =D ww therefore DP D + SE X E, the 

whole divided by D + E, which, by Lemma 1, is the diſtance of the 
common center of gravity 'of the weights, from the horizontal line PAS, 


DX - 2 — DN E X Vx*—a Ex 
* — 
SX D+E | rX D 


ſoning we have DP= 


ordered, 9D x _p =ExX ==>, Ann; e 


—— þ* 


ir | 
Sir I/aac Newton's method of folution to this problem, ſee page 158 of his 


Univerſal Arithmetic. 


The force by which the weight E endeavours to deſcend | in a perpendi- 
cular line; that is, the whole gravity of E will be to the force by which the 
ſame weight endeavours to deſcend in the oblique line BE, as GE to BE; 


and the force by which it endeavours to deſcend in the oblique BE, will be to 


the force by which it endeavours to deſcend in the line AE, that is, to the force 
by which the thread AE is diſtended or ſtretched, as BE to AE; and con- 
ſequently the gravity of E will be to the tenſion of the thread AE, as GE 
to AE; and by the ſame reaſon the gravity of D will be to the tenſion of 
the thread AD, as HD to AD. Let therefore the length of the whole 


DA AE be c, and let its part AE be = x, and its other part AD will 


be =c— x. And becauſe AE*— AB*= BE, and AD*— AC*= CD-; 
let moreover AB = a, and AC = 5, and BE will be N =, and 


CD=VWxt—2cx +cc —bs.) Farther, ſince the triangles BEG, CDH, 
| | 22 


ms (Y Pt | ID WW we 


MM w hh wo 


by our method,. by writing 7 for , and 5 for 
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are given in ſpecie, let BE: EG: F: E, and CD: DH : F , and EG 
will be equal to XV = and D H = 7* V X&— 2c + CC . 


Wherefore ſince GE : AE. : : weight E: tenſian of AE, and HD: AD :: 


weight D: tenſion of AD, and thoſe tenſions are equal, you will have 
* | 8 : . Dc=—=Dx 
= tenſion of AE = tenſion of AD= — = 

7 * Vr a Eras e VX c Ne-, 


— 2DD c aa x DD cc aa gg o. 
If you deſire a caſe wherein the problem may be conſtructed by a rule 


RE 5 3 
and compaſs, make the weight D to the weight E, as the ratio 2 to the 


ratio =4 and g will become = D; and ſo in the room of the precedent 
3 : FR , ad EN | 1 
equation, you will have this =p **—= 240X+ aa cc o, or x IF 
3 : ; EY D. D 
The above equation, viz. FF = £ IP Ly nn roms 
or EXE = e. may be eaſily ſnewn to agree with that derived 


E 


. 


f. 7 
the other parts being exactly the ſame in both equations. 


„to which they are equal, 


BF 


8 4 4 : 
2 * — r 
_ _ 8 — — — 
- 


"PROBLEM. var 


| Ar the fixed points A, D, 8, P, ſituated in a vertical plane, wherein 


Ab is an horizontal line, are placed ſmall pullies over which the 
threads QA a, QDs, QP c, and Q S4, freely ſlide. To the ends a, 5, 
e, d, of theſe threads, are appended the given weights a, C, c, d, the other 
ends are faſtened to a given weight Q. Now it is required to determine 


G 
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the poſition of the weights, when the middle one Q ſuſtains the others in 
cequilibrio. 


S OL UT I ON. 


In the poſition in the figure repreſent the required one. From Q draw 
QF perpendicular to AD II; draw 
allo WQT parallel to AH, and pro- 
ducedS to I, P to H. Put AD g, 
Al n, DH = 5, Sn 
A, B, C and D, for the reſpective 
lengths of the flrings QA a, QD, 
&c. x for F fd. and y for F D, then 


QD= N Db=B—Vry, 


AA = A- Vr, 54=D T 
— V z—m—y . Hg 2M and Pe = C 1 
.; hence, by Lemma 1, 3 

IJ P 


the perpendicular diſtance of the 
common center of gravity of the 
five weights from the horizontal & ) 
line A H, will be expreſſed by 


424 — 2 — T +65B— ee . 
___ @+b++4+Q_ 
41+ D +i=z) +Qx 
— > which, being a maximum, put into 
FQ .. FQ 
fluxions with y conſtant, gives when properly reduced 4 * * „K D 


SW 
= Q=—c x S 450 and by purting the ſame expreſſion into 


Q 
fuxions with x conſtant, we ſhall have a X AE + d x <> . b x W | 


on 


Coror. If d and ec are each = o, the firſt equation will become 


= and the ſecond @ X A5 W- which ex- 


actly agrees with the ſolution to the 3d Problem. 
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PR OB L E M NX. 


„* PPOSE a given weight C, to be ſuſpended by means of a 

to a given point R; and ſuppoling two other given weights A and B 
to act upon the former by two ſtrings paſſing over two pullies at the given 
points P, Q, in the fame horizontal line PQ ; tis required to find the po- 
ſition of each weight when they are in equilibrio. 


SOLUTION 


Throug h the point R, draw a right line DRM parallel to p Q; and 
from 8 point C, the ſuppoſed politi tion of the given weight C, draw CN 
perpendicular to DM. Put PR= a, 
RQ, RC=4, L and! for the nh R N N 
lengths of the ſtrings CQB, CPA, 3 7 258 
and c for the fine and coſine of the 

angle PRQ, mand u for the ſine and 
coline of the angle QRM, - for the 
fine of the angle CRQ, radius = 1; 
then the fine of PRC will be ex- 


preſſed by s Vi- -x, and 


its coline by c Wi—axx + 5x; 
whence, by Lemma 2d, PC = 


Va +Fd—2ad / = and 


CQ = VN =- 2bd N the fine of the angle CRN is nx +12 /1—zx,) 
therefore CN = dnx + dm i conſequently, the diſtance of the 
common center of gravity of the three weights from the horizontal line 


DM will, by Lemma I, be expreſſes by r- RN + LB 


—B Wh: — ird +lA—A XVI z = ad 
A+B+C 
_ which being put into fluxione, and properly reduced, gives this equation, 


— 
A= . , or Bx== — 


Cxnu 88880 22 DA. Now it is very i 


is the ſine of the angle RC Q; or, if RC be produced, the Gre 


firing 


C 
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of QOCc, 1 V 1—xx —z is the ſine of the angle RCN, or its equal 
SCG, made by producing NC, as 1t is ealy to prove; and jaſtly, becauſe 
3 
—— 4 i- — ACN 


iar K expreſſs the ſine of PRC, will ex- 


1 
pref; the fine of the angle PCR or PC O, waere B X ſin <<QCO— 
E ſin SS COS AX in kress. 


This problem was propoſed in a treatiſe called the Manet, and 
there anſwered in the following manner: 


Suppoſe the weight C to move in the arch m u, towards m, with a ll 
city expreſſcd by unity; let RC produced, meet PQ in O, and let CS be 
perpendicular to PQ; then the velocity of C, in the perpendicular direc- 
tion C8, being to the abſolute velocity as radius to the coſine of 7? CS, (or 


the fine of the angle S CO) will be expreſſed by the fine of S CO, there- 
fore the momentum of the weight C in the direction perpendicular to the 


horizon is CXSCO. Moreover, the velocity of C in the direction C P, 

(or the velocity of A in the direction of the horizon) being as the coſine of 
#PC (or the fine of POC) will be expreſſed by the ſine of the angle 
PCO, and the momentum of the weight A towards the horizon will be 
Ax ſine POC. In like manner, the momentum of B from the horizon 
will be expreſſed by B x fine of the angle QC O; but when the weights 


are in equilibrio, the momentum of the two former muſt he equal to that 


of the latter, or C x ſine SCO + A x fine PCO= B x line — which 
exactly coincides with the former ſolution. 


CorcL. 1. If C =o, then A x ſine PC O B x fine QC O, which 


is the caſe of the balance of unequal brachia; but if A = B, then 


it will become the ſame as the common balance, and RO will biſect 


PCQ. 


Conor. 2. En = ©, then Ax ſine PCO=—C x fine SCO, in which 
caſe C will be on the other fide of the perpendicular RF; therefore if 


A=C, the line CO will biſect the angle PCS. 


CororL. 3. But if Ag o, then C x fine SCO=B x fane QCo; there- 


fore when C = B, the angle SCO will be equal to the angle QC O. 


PROBLEM 
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PROBLEM . 


0 determine the poſition of a beam CD, moveable about one end G 
as a center, and ſuſtained at the other end D by a given weight Q, 


_ appended to a cord QAD, paſſing over a mo" at a gives point A, 


placed in the horizontal line A H. 


SOLUTION. 


Let G be the center of gravity of the 
beam; alſo let DF, GK and CH be per- 


pendicular to AH; draw DS parallel to 
AH. * 4. AH bb, HC = p. 

c GS.. D AF= x, the cord QAD -:; 

= /, and the weight of the beam= ww. Then & Ts 


TG = 2 V.. and AD = Vp +#—j= — Jade xx) 


and by Lemma the firſt, W Sd. — —25 — 


A 
is the perpendicular diſtance 


xQ — — —— ; 


T 
of the common center of gravity of the weight and beam from the hori- 
z0;ntal line A H, which muſt be a maximum, in fluxions gives, when the 


DX +X—Þ X — 


whole is divided by . *, Qx ____WVad—b= AY 
* per- +d*—h—*—2 7 A — my 
2— h—x CG x FH IC x FHAH x C3 
* 4 2 ,d. - =x*, wot th DC XQ= = APD 
4 . DF 
x w. Now by plane trigonometry, AD : 1 radius) 2: Dr: I © {3:1 
VVV 8 cs 
DAF, 3 A- The fine of DCS is Jo» its celine 59 ſin 
CS DS DF 8 
<L ADS is XD that of A SDC is = 50 coſine pr 5e 2 5 X PC 


£C5S „Ab 5 
DC * ap? is the ſine of the angle ADC. The fine of < cp! 151 DS 


11 


DC* 


26 An ch INTRODUCTION #7 the 


therefore the ſine of < ADC is to that of FDC as — 8 XAF 
to FH. But AF +FH x CS— HS CS x FH, that is, AF x CS DF 
x FH is equal to SC x AH—HCxFH, conſequently w: Q: fin ADC: 
CG 

DEX ſin 2 FDC. 


Mr. Thomas Simpſon” s method of ſolution, ſee his F luxions, page 157, 


Let C be the center of gravity of te A F K H B 
beam; alſo let DEG K, Sc. be drawn as X {| | 
before. Put AH = a, CH =I, CD=c, 


 CG=4, DL x, CL=y, and the weight 1 
of the beam = π ;. Then AF = 4a — 5 N 
DF = b+ x, and AD = VAF*+DF"? — C 


= Va*—2ay+yy+bb+2bx+xx,\ which © * 
(becauſe y* +x*= cc) will alſo be equal to 


e Vf +2bx—20) (by putting F ac 3b +ce) 
X— ay 

whoſe fluxion EDD into Q is the momentum of the weight Q, 
| ſuppoſing the beam to be * motion. Moreover, becauſe DC: DL: : 
CG: GI, we have GT= , whoſe fuxion © multiplied by w, is the 
momentum of the beam itlelf in a vertical direction. Wherefore, making 
theſe momenta * to each other (according to the principles of mecha- 

— 


3 A 
nics) we get TIES = dw x VT abi. But ſince yy + 


XX = CC, WE have 2yy+2Xx 2 o, or — j== - and therefore (by ſubſti- : 


3 ü hs | 
tution) 6 x + — x cQ=dwx Vf+2bx—2ay, or by TA XcQ = 


1 5 FT 24h; from whence and the foregoing equation xx + vy 
= cc, both x and y may be found. 


The ſame otherwiſe. 


It is evident from mechanics, that the force which acting in the Ar 
tion DF, would ſuſtain the end D, is to the whole was CG to CD, and 


CD 
is therefore = Ox. It is hkewiſe known, that two forces acting in 
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different directions DF and DA, ſo as to have the ſame effect in ſuſtaining 
DC, or cauſing it to move about the point C, muſt be to each other in- 
verſely, as the fines of the angles of incidence FDC and AD C; therefore 


we have fine FDC : fine ADC: Q: x from which given ratio 


of the ſines, the angles themſelves may be found, by an 2 * 
— of fluxions. 


| Conor, If the poſition of CD be fuppoſed given, and the tenſion of 
AD (or the weight Q) be required, then, from the foregoing proportion, 


we ſhall have Q= LH * 2 x ww; which will alſo expreſs the tenſion 


of AD, when the end C is ſuſtained by a cord BC, inſtead of a point at C. 
Whenee it follows, that the tenſions of the two cords AD, BC ſuſtaining 


a beam or rod CD at its extremes D and C, are eupreſſed by DE x 
CG, b DG 
TH Xx „, d 2D DG, and therefore are to each other as e 


to 55 8 or 5 BCD x CG to; ADC x DG reſpeCtively, becauſe the ſine of 
FDC, and that of its ſupplement HCD, are equal to each other. 


2 * 


PROBLEM XL 


ET BC be a piece of wood of an indefinite length, moveable about C, 
as a center; to find the angle BAC, which another piece AB of a 
given length () muſt make with | the horizontal line AC, to ſupport the 
piece CB with the greateſt eaſe, the weight of the piece CB; and CG, 
the diſtance of the center of gravity from the — C, being given equal to 
W and 4 reſpectively. 


SOLUTION. 


It appears by the laſt problem, that the force 
acting in the direction AB, neceſſary to ſupport 
the piece CB at any propoſed elevation above the 


cos < ACB 
horizontal line AC, is equal to un = ABC N 
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BC N w. Let s and e be the fine and coſine of the angle BCA, x the fine 
of the angle ABC, radius = 1; then, by plane trigonometry, we have 
„ - = AC, and c +5 Wi—xx'= fine of the angle BAC, 


and again, S: %:: * + Vi-: - X cx +55 gg BC, whence 


caw Ach x CG A wi 

2 NAV — 1 — , Which will be th 
we bare Teerx TN N or = ABC x BT which wil be e 
leaſt poſſible when the denominator is a maximum, in fluxions 2 exx + 


255XX=——485X*'X .- 251 xt my 
- = o, whence 2c = ==, and therefore 4 x x 
; S V x*—x+) | 


2 VSSXX—SSX1 
= 4x+*+55s; by compleating the ſquare and proper reduction, we get 


«= I c+1. let this value of x be ſubſtituted in cx + 5 Ix} which 


— — 


expreſſes the ſine of BAC, and there will ariſe c of FS +5 X oF — 
c DLL 


for the ſaid ſine or its equal, viz. 1 (by writ- 
Fi e n lire 


ing ß for 5) which contracted becomes — 3 
whence it appears, that the angles at B and A will be equal, let the angle 
of elevation BCA, length of the ſupporter AB, and diſtance of G from the 
point C, be what they will. | Fn 


Os ä — — — — In 2 8 1 1 2 * 


a 


PROBLEM M.. 


"ET AC be a piece of wood of an indefinite length, moveable about 
the center C; to find the angle CSO, which another piece OS of 
a given length (m) muſt make with the horizontal line C G, to ſupport 
the piece AC with the greateſt eaſe; alſo the weight it will ſuſtain, and 
the value of the angle ACG when the ſaid weight is a maximum, the 
weight of the piece AC and RC, the diſtance of the center of gravity 
from the point C being given equal to x and C reſpectively. 7 


sOLu. 


radius = 1, and the required weight = y. Then 
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S 0 L UT: 1-©N. 


It is evident by the laſt problem, that O'S will ſupport CA with the 
greateſt eaſe, when the triangle SCO is 


iſolceles, or SC = OC ; and by Problem X, A 
It appears, that the force acting upon the prop 


ACSX CRx C 
So, will be expreſſed by EE. 


Now let x be the fine of half the angle 

OC, to the radius 1; then = cos 

of : A OCS, and 2X ſtag) = fin A CCS; 

therefcre its coin is Ti ⏑ π⏑ι Ain, 
7 G 


wot > 4 ge Co, and conſequenti 
COS ACS Xx CR XC 2 | J/ 1- 4x — 

828 SCG is W JESS x- D, which muſt be a maxi- 
mum; therefore the fluxion of the expreſſion⸗— 42 242 ( wherein y = 
Xx) being made = o, we have 833 +8 y—16y5—1=0, *.*y=z ; in this 


caſe it appears, that the angle OCS muſt bc go ©, fo 5 this value of y 
gives the minimum; but to find the maximum from hence, let the cubic: 
equation above found be divided by ) 5, and the quotient 8 yy—1 2 5+2 


muſt be equal to nothing; and therefore 7814 — and x 4379, 
. the angle OCS is 31. 500. 

Mr. Simpſon's method of ſolution to this problem, ſee his Fluxions, 
Page $25- 


' Suppoſe Ru perpendicular to C R, n to Ry, and CD to © S; and 
put the fine of the angle C Rm (= Ras) = — 


by the laws of mechanics, as RM: RA; or 1: » 
: (nx ) the preſſure, which a power acting at 

the point R in the direction R, muſt ſultain to 

W the beam AC: but as CO: CR (c) 


nx: _ the force required to ſupport it at the 


point O, in a nnen direction; hence as 
CD:CO :: 5 ß the weight ſuſtained by © ES 
I 
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the ſupporter OS, which will be the leaſt, when the perpendicular CD is 
the greateſt it can be, and that will conſequently be when the angles O and 
S are equal, let the angle A CG be what it will; but by the elements of 


trigonometry, 1 +# : V: 1 0 / — =) the tangent of the angle 


OCD, hence as W 4 2 ＋ (0 2} :t 1 22 bs CD; therefore 


e is equal to — . [ED . = 9, which put into fluxions, and reduced 


1— 
x, will be 1 = 61799, = the coſine of 515. 500. which is the value 
of the angle A 0 G, when the required preſſure is the ”__ poſſible. 


—— —— — — 8 — 


PROBLEM XIII. 
'T is required to find the poſition of the beam DP (whoſe length DP, 
and place G of its center of gravity are given) when it is ſuſtained by 


means of a ſtring DB, of a given length faſtened to the end D of the beam, 
and to a fixed point B; the other end P of the beam — againſt a wall 


KC P, perpendicular to the horizon. 


SOLUTION. 


From the center of gravity G draw GF parallel to KCP, and from P 
draw P E parallel to the horizontal line 
 ABFC; upon CD produced let fall from 
D, the perpendicular DA. Put BC= a, 
BD =, DPS PG =m, DG =»n, AB 


2 then AD = V, and ED = 
V4 — therefore AE = V- x* l— 
Vli—ar = FH, to this add HG = 
M Mina we have F 62 * — D 
. 5 

[ 


— which, being the deſcent of the center of gravity, muſt be 


— 


5 e 2 A 
_ the greateſt poſſible, in fluxions — 0 = bea 75 : 
Ac xD DG ED 


I and conſequently AB: AC :: NP: - 


| — | DS ED F 12 — 4 5 . = 
EOS ſſ— Uh 


CoroL. 2. If DG=GP (BC ſtin S o) then AD=2ED. 


1 | | | I Rn 


PROBLEM XV. 


O determine the phion of the beam DC, when ſuſtained at reſt by 
the inclined plar.: , and firing BC, faſtened to the beam at O. 
t- hier end being moveable (by means of a loop) about the fixed 
PO. nt 3. 


SOLUTION. 


Let AB and q B be. dan, the former _—_ and the latter perpen- 
diculac to the hurizan, and 8 DCB 
to be he poſition require:?. Dia. DE, 
CH parallc to DF. and SC cerallel 5 
AB, produce BC to N. Put AB = 

FB = 5 CB =, DG = ( being he 


center of gravity of the beam) , CG Na 
x, and c for the Fre and * of Woo. 
the angie F B, x = fine of the angle og DE 


ANB. radius = 1. Then : a:: 5: 
* =BN, =—! =NC, andw+n(b):x:: : n 


x * h 


CEDN-..v — = cos < CDN, whence the ſine of the angle 


Sch is eter — and therefore SD . I;. 


The ſine of the angle ABN is cx + H c =!ax+ls e e 
whence the perpendicular diſtance of G, the center of gravity of the beam 


from AB, is 2 _ 1 —— which muſt be a 


maximum, its fluxion being made equal to nothing, and divided by ,. 
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J. IL 14272 
ves e . . — from whence the value o 
8 : yy 1—xx X y — x ; f * 


may be determined. 


pO EY 


PROBLEM Xv. 


O determine the poſition of a beam ED, when ſuſpended at reit by 
two ſtrings B E, BD, of given lengths, faſtened to the point B in 
the horizontal line AC. 


SOLUTION 


| Suppoſe EBD to be the required poſition ; ſrom the points E, D, let fall 
upon AC, the perpendiculars EA, DC; and 


from G the center of gravity of the beam, FA = < 
dray GI perpendicular to the line DH, drawn | a 1 
parallel to AC. Put BE 4, BD = , N SS | 
UG =s UDN=s w+i=f fn < E BD H.. >. 
=+,.06 =, km CE —=2, mew =; WW. 5 


then, by plane rrigonometry. we _—_ SY 1x2) 1 La 
Ten: fin SEBC or A BF, whence 1 : os 

a:: Ve +2: 4 Jr 44 e = AE; aud again, 1: 3: 

x : b = CD, confequencly the perpend. cular diſtance of G, the center of 


gravity of the beam E D from the horizontal line AC, viz. 25 


* AE—DC + CD (for ED: AE—DC (EH) :: DG: (GI) DEAN) 


rr 24 15 
is equal to CES N — 7 —. x 1 this by the property of 
the center of gravity muſt be a maximum, in fluxions - 2 =Nn4c2 
/ 1— xx | 
—ba% ＋ 12, whence EE =nac—bn 335 or SEES: == 
; * 7 2 3 iA 
nec i-bm* , 1 ut £ 22 h 
7. 802 Þ 7 Tos © OP 
33 
Vir 


If 


monly infer the ſolution of the other. As if now 
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If we deſire to have a ſolution to this problem independent of the me- 


thod of fluxions, then (according to that general principle of mechanics, 


viz. That if a body be ſuſtained at reſt by two ſtrings, as EM, DN, that 
body when at reſt will have its center of gravity in the right line, which, 
being drawn perpendicular to the horizon, paſſes through the point where 
the ſuſtaining ſtrings EM, DN, being produced, interſect) G | being pro- 


duced to AC, mult be perpendicular to it in the point of interſection B. 


This being premiſed, and other things remaining as above, we ſhall 
have i—z? for the fine of DBG, and becauſe the fine of AB E. 
is I + cz, as before ſhewn, its coſine will be expreſſed by 
5s — — immnzn equal to the fine of EBG. Let the 
fine of BGE or BGD = x, then x: 4: : fine of EBG: EG, and x: 
b : : ſine of GB D: GD; by the former of theſe proportions we have 


ne EBS g by the! 2 
* N. » and by the latter x = GH donſequentiy, 


b x fine GBD — 2X 75 . that is — x 2 — * 


GD 
EPE 


Cox or. If 5 a, 1 m, and s == 1, then z in the former ſolution, : 


2 


which is there equal to = becomes equal to V which ſhews that 


the angles CBD, EBA, are each 45%. The reſulting equation above 
will in this caſe alſo give 1—2zz=2zz, becauſe when 5=1, co, whence 2 
is here equal to = the very ſame as before. 


Sir Iſaac Newton, at page 161, Univerſal Arithmetic, ſays, It is not al- 
ways neceſſary to ſolve queſtions that are of the A v4 
ſame kind, particularly by algebra; but from the —— 
ſolution of one of them you may moit com- 


there ſhould be propoſed this queſtion : 


Ih be thread ACDB being divided into the given 

parts AC, CD, DB, and its ends being faſtened 
to the two tacks given in poſition A and B; and 
if at the points of diviſion C and D, there are 
hanged the two weights E and F; from the given 
weight F, and the ſituation of the points C and D, 
to know the weight E. | 


: 
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From the ſolution of the former problem, (zz. the 49th in the Univer. 
ſal Arithmetic, and the ſame with Problem X. in this treatiſe) the ſolution 
of this may be eafily enough found. Produce the lines AC, BD, till they 
meet the lincs DE, CE. in G and H, and the weight E will be to the 
weight F, as DG to CH. Produce H C and G D indefinitely towards M 
and s; join the points H, G, and ſuppoſe S the common center of gra- 
vity of the two weights E, F, the angle ACM = aazie CGD, and BDN © 
= CHD. By plane trigon:menty, HC: fa < CDH:: CD: 


ſin S CDHxCD _ fa < BDN, and DG: fin CD:: CD: 


HC | 

a ODxXcD EEE on ES 
0 DT = fin ACM, conſequently HC: DG:: fin = BDN * 
in? ACD 3 CCC 5 
fin = XCM F: E:: CS: SD, Now if we imagine CD to be a beam 


having its center of gravity at S, let the points A and B coincide, then 
this particular caſe of the above problem exactly agrees with our's, and 
the very ſame equation will ariſe by ſubſtituting the ſame letters as before, 
and expreſſing in thoſe terms the ratio of F to E, or that of CS to SD. 


We may otherwiſe arrive at the ſame concluſions, by help of what has 
been already determined in the ſeveral ſolutions to Problem X. For it is 
there ſhewn, that the tenſions of two cords AC, BD, (in the above fg. 
where AM and BN are drawn parallel to the horizon) ſuſtaining a beam 
CD, at its extremes C and D, are to each other as in < BDC XJ DS: 
fn < ACD x SC. LetQ andP repreſent the forces acting in the direc- 
tions CA and DB reſpectively, then CA: AM:: Q: 2 * Q = the 


force acting in the direction AM, and DB: BN: : P: 5 ” = the 
force acting in the direction BN ; theſe forces, as they act in oppoſite di- 
rections, muſt deſtroy each other, otherwiſe the beam C D could not be at 
| __BN AM 5 | | To 
reſt; hence Q: P: BPB CX ſin 2 BDN : fin 3 but Q: 
| SC „ ſin ND B 
P : : fin BDC X DS: fin ACD X SC, therefore Fo RE a 
_ fin <q} ACM xDS les ps. . 
„/ „ EN CAN 
which agrees exactly with the proportion deduced from Sir [/aac Newton's 


method, and, the points A, B, coinciding, will give the ſame equations as 
were obtained by the other ſolutions. | 


— , — e 
B —— ys wy OP" 4 3 
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R OB L E M XVI. 


* the beam D C, whoſe center of gravity is in the point G, be ſuſ- 
ended by means of two ſtrings DA, CB, faſtened to the ends * 
of he beam, and to the points A and B in the horizontal line AB; it is 


required to find the poſition of the ſaid beam when ſuſtained at reſt, ſup- 


poling AD AB, DC=EB, and DG=GC. 


„F 
5 o L 11 o N. ak a 
Imagine the ſituation of the beam in — 
the figure to be the poſition required. e 
From the points D, G, C, draw DF, 5 
GK and CH perpendiculars to AB, 0 


draw allo DB. Put AB=AD=a, 


DC= CB= d, ſine of the angle ADF= 2, radius = =1. Then +9 — 


7 


fin < ABD and _ its cos, — oo nn is the cos <X DCB, by 


Lemma „„ 2 0 Az, whence the fine of <& DCB = - 


| — — = 1 ee 
Vaid x -N „ and a V 2—22z : d:: LEA —— 


| F / 
VWs = 
LEEDS =fine<& DBC, therefore we have © TIS = cas 
2 

DBC, and the fine of & H evVi+s, VIE 
< < HEC, or its equal ADC, is * 8 Ai = 

Viz? e = XAT V 1+2) = 
55 conſequently HC = TENN 5 
+ V i—2)x V24*—aaX 2 FD+HC 34 L½—2 J. 
— -, and or KG = Fa 

vV 2) 2 4 


4 24.— DO 


. 4 2 4 — d- 4 


08 2 7 from whence, by having @ and d given, 


| 4 * of z may be found by the ſolution of the cubic equation, 


this being the a N of 


the center of ks of the beam from the horizontal line A B, muſt be 
a maximum, which being put into fluxions and properly reduced, gives 


* = fin< BCE, and 2 
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91a . + $042) S 2 +042: + u 2 — 2 mn 2, wherein m is 
put for 4a — @d, and x for 2 dd — 44. 


Cos ol. If a=4, then zg o, conſequently AB CDA will W a 
right angled parallelogram; z in this circumſtance, no alteration in the poſi- 
tion can enlue, by changing the place of the center of gravity of the beam 
from the middle point G to any other point thereof. 


ä 


FRA OB LE M- XVII. 


* A R and DCS be two ſmooth planes ! to the horizon in 
iven angles; between theſe planes it is required to place a given beam 


8 Þ that it ſhall remain at reſt in that poſition. - 


SOLUTION. 


Let BC be the required poſition of the beam, G its center of gravity. 
Produce BW, CD, until they meet 
in E, through E draw the hori- 


20ntal line HEF; and from B, C, R 
let fall thereon the perpendiculars 88 


BF, CH. Put 5 = fin < FE B, 
a= fla < CEH. n S ſin BEC, - 
1 = its cos, radius = 1, {= BC, = 


p= BG, q= GC, and x= BE, hen 
mx F=m*x") 


[/ 


S cos <BCE, therefore =? — Ao = fin < EBC, hence EC 


7 
=nx +VF'—m , and HC =avV/F==*x* + anx; conſequently, 
pav F—m K +panx +45x expreſſes the perpendicular diſtance of 


1 center of gravity G of the beam B C, from the horizontal line H E FE, 
which {vecauſe it muſt be a maximum) being pur into fluxions and properly 


rl 


VP a'm +rm?) 
ENS Ipam + nrl ; 
222 a Tr and BE: EC:: 71: pa + nr. 


reduced, gives x = (r being put for 2 + $6) whence 


Vp. 


Conor, 


3 


. WET Teri... * * 
a E 5446: ee * 
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Con ol. 1. When BEC is a right angle, m = 1, and » = o, conſe- 


quently BE: EC::7: pa, orgs: p46. 


Coro. 2. If the angles FEB, HEC, are equal, and BEC ſtill a 
right angle, we ſhall have 5= a, and therefore BE: EC: :q: p. 


BO BG 45 P 


qs : pa, and BEE KCC => X 7” = Through O draw ROS parallel 


ECH or BEF. Imagine now the planes ABR, DCS, taken away, and 


the beam B C ſupported till in the ſame poſition by the ſtrings BO, CO; 
then by the ſolution to the laſt problem but one, the ſine of the angle 


SOC vill be expreſſed by —== , that is, by 5, becauſe # + & = 13. 


conſequent!y the line joining the points O and G, is perpendicular to the 


horizon, and therefore no alteration in the poſition of the beam will 
enſue, if the ſupporting planes are taken away, and in their room the 


ſtrings BO, CO, are made ule of to ſuſtain the beam, provided the angle 
BEC be a right one. | 


Mr. Emerſon, at page 71. of the ſecond edition of his treatiſe on Mecha-" 
nics, has conſidered this problem, where he tells us, That if any body 
whatever, as BC, or any beam loaded with a weight, be ſupported by two 
planes AB, CD, at C and B, the lines CO, BO, be drawn perpendicular 
to theſe planes; and from the interſection O, the line O K be drawn per- 


pendicular to the horizon, it will paſs through the center of gravity G of - 


the body. This is certainly true, when the angle in which the planes are 


| inclined to each other is a right one, as has been proved above; but as 


Mr. Emerſon ſeems to infer, that this property is general, the angle of the | 


inclination of the planes being aſſumed at pleaſure, it may not be improper | 
to ſhew, that it cannot poſſibly hold true, when the angle B E C is either 


+ 


obtuſe or acute, unleſs in ſome very particular circumſtances ; ſuch as | | 


— — — . —ä—̈ñ ͤw 


BF, CH, perpendicular to BC and CF be 


are reſpectively as and in theſe directions. 


. when the angles FEB and HEC are equal, or when BG is equal to GC; 
becauſe in both theſe, p and q in the expreſſion for the ſine of the angle 
SOC will intirely vaniſh ; but otherwiſe the value of that ſine, which is 
conſtantly the fame with that of ECH (a given quantity) will vary ac- 
cording to the different aſſumptions for the place of the center of gravity 
of the beam; which being manifeſtly impoſſible, it follows, that the de- 


_ terminations in Mr. Emerſon's 53d propoſition and its corollaries, are not 


univerſally true, nor indeed are thole in the 62d, 63d and 65th propoſi- 


tions; becauſe as their demonſtrations depend upon the 53d propoſition, 
| they are certainly liable to the above-mentioned 
| objections. In the 64th propoſition, it is ſaid, - HN 
That if a heavy beam, or one bearing a weight, | . 
C 


be ſuſtained at C, and moveable about a point C, 


whilſt the other end B lies upon the wall BE; | of} 
and if HGF be drawn through the center of off / 


gravity G, perpendicular to the horizon, and 


drawn, bean 
The weight of the beam ; HF 


Preſſure at B HC 
Force acting at C CF 


That the whole weight is to the prefſure at B, as HF to HC, is true, 
and may be thus proved: Let W be put for the weight of the beam B C, 
Q for the force acting in the direction BF, (H C); then, by Problem X, 
W : Q: 1 2-8 805 x 5 < BCA, radius being unity. The triangles BCA, 
BGD, BGF and GHC, are ſimilar to each other, whence BG: GC:: 
FG : GH, therefore BC: GC:: FH: GH; again, DA: GC:: HC: 
GE by ſimilar triangles, conſequently BC: DA : : FH : HC. BC: BA:: 
1: fin <BCA, and BC: CG : : BA: DA 3 _—_y extremes and means, 
we get 15 . hence BC: DA: : 1: BG x ſin < BCA; and becauſe 
BC: DA:: FH: HC, therefore W: Q::FH: HC, or the whole 
weight, to the preſſure at B, as FH to HC. | 

If by a force acting at C in the direction C F, our author means, that, 
inſtead of the beam BC being moveable about the point C, it is to be ſup- 
ported by two forces acting in the directions BF (HC) and FC reſpectively, 
then the propoſition will be no longer true, as may be proved without 
much difficulty by Problem XXVIII. 
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Upon ſuppoſition that the beam B C moves freely upon the fixed point 
C; and that inſtead of lying upon the inciined plane at B, the end B laid 
upon che horizontal plane A B, then the weight and the preſſure at B will 
be as BC to CG. For, by Problem X, W : Q :: mm Z BCA: 52 


VL ſia S BCA, or W: Q:: BC: CG. 


PR OB L E M XVIII. 


ET ABLCA repreſent a right angled cylinder, moveable about a 
ILL fixed point A, in the circumference of its baſe; and ſuppoſe this cy- 
linder held in a poſition inclined to the horizontal line H R, by means of 
a ſtring CEP (paſſing freely over a ſmall pulley at E) one end of which 
is faſtened at the point C, and to the other end a weight P is ap- 
pended. It is required to determine, by the following data, the angle 
CAR, when the weight P, and cylinder ABLCA, ſuſtain each other 
in equilibrio. 5 


SOLUTION. 


Let EK be drawn parallel to HR, Sg K and AT perpendicular to 
HR, the former paſſing through . 

the center of gravity of the cy- 
linder; from g draw g F pa- 
rallel to AB; draw alſo FH 

perpendicular to HR, g pa- 
rallel to it, and Mg D parallel 

to AC; let there be given AF 

=FC=Mg=a, Fg= AM 

MB Z=, AE = un, SK 

= B, the ſtring CEP =}, 

weight of the cylinder = w, 
fin <EAS=s, cos = c, rad. e 

= 1. Put x S fn SF AH, . „ 
-N +by/i=®= Kg. But by the elements of plane trigonometry, 
the product of the fines of any two angles, added to that of their coſines, 
is equal to the coſine of their difference multiplied by radius, therefore 5 x 


+c/T=Z?= cos < EAC. ByLemmaz, V- Fan /i 
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= CE, whence 


+ bw V 1—x* 
— P+w 
vity of the weight and cylinder from EK (by Lemma 1.) which muſt be 


4ame xx) 


p vm + 40*—4masx—amac i= PA hw —Wx 
Pr 


a maximum; in fluxions we have — 4masx + 


— 


— x W r x EC, therefore 2amc Xx tan FAH x P—2ams P 


2 m PET 


* EC x tan <q FAH X w—awEC, and tan < FAH= —— C+bECw 
| KSXACx?—ECxXAFxw 


= ACXET xP+FgxEC xw 
Coror. 1. If KS = AC, and ET = o, or the pulley E placed per- 


pendicularly over A the center of motion, the tangent of A FAH will then 
be | 2  AC:x P=ECX AF W 5 . 
* — Fg Xx EC XW * 


| Coror. 2. If the propoſed cylinder is to be ſuſtained by the weight 


P in a direction parallel to the horizon, in ſuch fort that EC fhall be at 


right angles with AC, then KS x AC x P=ECXxAFxw=0; now be- 


cauſe EC and KS mult in this caſe be equal, and AF being conſtantly half 


AC, it follows that P wh = OP 


Cox ol. 3. If the propoſed cylinder is to be ſupported in a poſition 
perpendicular to the horizon by the weight P, then as the angle FAH 
muſt be go, and conſequently its tangent infinite, therefore (becauſe ET 
= EC) ACxP=Fgxw, and P: W:: Fg: AC, a well known pro- 
perty of the bended lea ver. 


PROBLEM XIX. 


Uppoſing a beam CD, moveable about one end C as a center, to be 
I ſuſtained at the other end D by means of a given weight P, hanging 
at a ſtring paſſing over a pulley at a given point A, vertical to C, and 


ſupported by an inclined plane AP K; it is propoſed to find the po- 


ſition 


— is the perpendicular diſtance of the common center of gra- 
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ſition of the beam and weight when they are a juſt counterpoiſe to each 


ether. 
"SOLUTTON. 


Becauſe the weight P is to be a Juſt counterpoiſe to the beam CD, it is 


evident, that one and the ſame weight which, 


Heats 


(hanging freely) would ſupport DC in the re- 
quired poſition, would alſo tupport the weight P 
at reſt upon the inclined plare AK. Let Q de- 
note that weight, and put W for the weight of 
the beam; then, by Problem X, ve have Q= 
GC im DCR : 85 
W PCX A AN- and by Problem III, we 
have P: Q:: AK : RA (G being the center of 
gravity of CD, and ARK a right angle) whence 
RA . CG fn < DCR- 
Q=P XR therefore W x DC*m <A ©: 
EOS CEC Coo 3 
= PX NK = WX 0 X4T- Now put DC=CH=CR=x, AK 


=; AZ, AC=Ss, CG =m, GD =n, for the length of the 


firing DAP, and x tor the part AP thereof; then the above equation ex- 
preſſed in algebraic terms will be W x = X — =P x2, whence x 
nun WP : 

_ Sm W g 


This queſtion may be otherwiſe anſwered, without referring to the pro- 


| blems above-mentioned, by firſt finding the perpendicular diſtance of the 


common center of gravity of the beam and weight from the horizontal line 

MAS, drawn through the point A, and then making the fluxion thereof 

eque] to nothing. In order to which, draw PL and GS parallel to the 

vertical line RCA, PF and GB perpendicular to it; by Lemma 2, 
Tr + hb FE 


the coſine of the angle D CA will be expreſſed by - =, 68 


215 
rr mA -m [> 


by b — —, and A F = LP by 75 £ conſequently, 


27 6 
SG W＋TAF KP 2 W Wu rr Wm bo- W n bxP 
F 2br WIP NP“ 
is, by Lemma 1, the ſaid perpendicular diſtance required, which, being 


M 


—— 


——_———  — ——  - ww —— — 


G being the place of the center of 
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bY mWlIx—mWxx 


put into fluxions, gives P X— = 7. —, whence x = 
2 ae E. the very ſame as before. 
Coror. If AK coincides with A R, then 5 = , and x becomes 
mIW— P 1. 25. 
equal . „ ee 


** 1 1 * . 


PRODLE MIXX 


Uppoſing a beam CD, moveable about one end C as a center, to be 
8 ſuſtained at the other end D, by means of a given weight P, hanging 
at a rope paſſing over a ſmall pulley at a given point A, vertical to C; it 
is propoſed to find the curve AP K, which the weight muſt aſcend or de- 
ſcend, ſo as to be every where a juſt counterpoiſe to the beam. 


S 0 IL. UT ION. 


Becauſe the beam and weight are to counterbalance each other, it is evi- 
dent, that the ſame weight (Q) 
which being ſuſpended perpendicular 
to the horizon, will be fufficient to 
ſuſtain the beam DC in any poſition, 
will alſo retain the weight P, in the 
correſponding poſition, at reſt upon 
the curve. Let TPM be a tangent 
to this curve at the point P, FT the 
ſubtangent, and PS the normal line; 
from T draw TI parallel to AP, and 
put W for the weight of the beam 


DC, its length equal tor, CG= u, 


gravity of the beam) DAP =I, AF a 
= x, FP =y, then will FT = , FS =. and AS = , 


but AP*= xx+ y, therefore the ratio of Q to P, which is that of TI to 


T'S (by Problem III.) or of AP to AS, by the fimilar triangles APS, TIS, 
becomes Wx*+5* to , Whence QC Px x v, 
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od Que =Px; by taking the fluent of each ſide the equation, 
we get (ſuppoſing no correction neceſſary) Q N D Px. Now 
with regard to the beam CD, we have, by Problem X, Q: W:: 35 * 


CD 
5 : AC = © | 
fin ACD: fin ADC, that is Q Fh = W x == which expreſſed 


algebraically, becomes Q x E = W x = exterminate Q; by 
help of theſe equations, there will ariſe mr P x =I WVX ＋ 5 — aW x 
VX or mr Px =n1Wz—naW 2: (putting zz = xx + yy) the 
equation of the required curve. 


Mr. Simpſon's method of ſolution, ſee page 293 of his treatiſe on 
Fluxions. . N 


From the center C, with the radius C D, let a ſemicircle HDR be de- 
ſcribed, and let DB and PF be perpendicular to the vertical line AH CR; 

alſo let CD S a, CA = , AH = c, AF = x, PF =y, HB = z, and the 
length of the rope DAP= m; likewiſe let AQ (=+) be the given value of 
x (AF) when D coincides with H. 


Becauſe the weight and beam are always in equilibrio, by the hypo- 
theſis, their momenta, and conſequently their velocities in a vertical di- 
rection, muſt be every where in a conſtant ratio; and therefore the 
diſtance QF (x) aſcended by the weight P, will be to the diſtance 
H B, deſcended by the end of the beam D, likewiſe in a conſlant ratio; 

let this ratio be that of 5 to any given quantity 4, that is, let þ—x : 2: : 

þ : d, and we ſhall hive dþ—dx = bz. Moreover, we have KD; (CD- 


JAC. — 2 AC KBC) S. ++ — 2b A = b—a +:bz=& + 
2b2z=c—2db+24x; whence AP (m-- AD) = m — Vi—2do+24d2, 


and therefore * (AP. — AF.) = m — Vc 2d 2dr — x, 


88 


8 


PROBLEM . 


12 G be a given weight, hanging freely from the end of a cord CP, 
faſtened to the point C; and let D be another given weight, ſuſ- 
pended by the cord DF B, paſſing over a ſmall pulley at E, which cord 


vity of the two weights D, G, from 


BFC, DFC, equal. 


r ——— 
* 
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is faſtened in B. It is required to find in what places the weights G and D 
will ſettle or come to reſt, BC being ſuppoſed an horizontal line. 


SOL VU T-1-0 N. 


Put the given quantities CF = a, CB = c, the length of the cord DFB 


= 5. Draw EF perpendicular to | | : 
the horizontal line BC, and put CE (C — B 


VV. f f 
No TITER ; 


=; then EF = N= =, FB ke 
| / 


— V aa +cc—2cx,) and DEF =6 


— Vaa+ic—2cx) + V aa—xx," con- 
DE x D+FE x G. hich 
by Lemma 1, is the perpendicular 

dittance of the common center of gra- 


ſequently 


the horizontal line BC, algebraically | 5 
expreſſed, and put into fluxions, will — 
F 


produce this equation, 3 — „ whence (by putting 


n DD, wu =D+G ) we have acc aa -M xx = ma" Xxx + M xx — 


2Mcx*, If G=0o, then » = m, and our equation becomes cc 4a — cc xx 
= 4* XX + 2C* XX — 2MCX", or 26X*— 2cc xXx —@&* x*+ e = o; divide 
by x—c, there will ariſe 2cxx —aax — aac =D; one root of which will 
expreſs C E ſuch, that the perpendicular E D paſſes by the pulley F, and 
the center D of the weight, when the ſame is at reſt. The marquis de 


 PHoſpital, at page 51 of his treatiſe Des Infiniment Petits, gives (when G= 0) 


the following ſolution: 


Call EF, y; BF, 2; then will —z + y = maximum, and ſo y = #. 
Now it is evident, that the pulley at F does deſcribe a circle C F A, about 
the point C as a center; and if F R be drawn from the point f, infinitely 


near to F, parallel to CB, and fS perpendicular to BF, therefore will | 


FR=y, and FS = , which are conſequently equal to each other; and 
ſo the little right angled triangles FR, FSf, having the common hypo- 
thenuſe F f, are equal and ſimilar ; whence the angle RF is equal to the 
angle S FV, that is, the point F mult be fo ſituate in the periphery F A, 
that the angles made by the right lines EF, FB, with the tangents in 
F, be equal to each other; or elſe (which comes to the ſame) the angles 


This 


j 
x 
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This being premiſed, if you draw FH fo, that the angle FHC be equal 
to the angle CFB or CFD, the triangles CBF, CEH, will be ſimilar, 
as alſo the right angled triangles ECF, EF H; ſince the angle CFE is 
equal to the angle F HE, each of them being the complement of the 
equal angles FHC, CFD, to two right angles, and conſequently C H 
2, and HE (-) EF ():EF (5): ECG, whence x x— 


0 


= Y = aa xx, from the nature of the circle, from whence ariſes 


the ſame equation as above. 


” 8 


PROBLEM XXI. 


THER things remaining as ia the laſt problem, let the points C 
and B be ſituated out of the ſame horizontal line; to determine the 
poſition of the weights G and D, when they ſuſtain each other in equilibrio. 


SOLUTION. 
Draw CK and BK, the former parallel, and the latter perpendicular to 
the horizon. Draw alſo FE parallel to K B, 1255 
and B S to CK. Fut EC Sa, CB c, CK S E.. NR 
= u, KB = M, + for the length of the cord PC Et 
DEB, CE= x; then EK= SB= m—x, EF = 
V aa—xx)and SF = V a*—x* n, conſequently 
FBS VA =I +1n*—22 / i*—27) + , and 
ED = VA = N +b—=vV# + —x —22 
DEX DT EF x G 
— — — 
| ax + M—X » hence D + G Ow” 
which, by Lemma 1, is the perpendicular diſ- 
tance of the common center of gravity of the. 
two weights D, G, from the horizontal line 
CK, being expreſſed in terms of x and given 
quantities, put into fluxions and properly reduced, will give D + G xx = 
C nne 
Xx FE Dx BRK x CE. If G S o, our equation becomes D x CE x FB 


N 


—ͤ— — 
— — — 


— — r — — 9 - 
——— —ꝗ ¼— — — — — 2 — — N 2 em ” 


— —— ̃ꝓC—2ↄg —— 


of their commoa center of gravity. 


— — — 
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=D x CK x FE D BK x CE, or FE BK x CE = CK x FE; in 


which, if BK =o, or the points C, B, in the ſame horizontal line, we 


ſhall have FB x CE= CK x FE. 


= —_ — n —_— „ the. ett. _ * r ä 3 * At. _ th. BMA. th. * ll 


PR OB L E M XXIII. 


FT ET ACMFLBA repreſent the middle ſection, made by a verti- 


ca! plane, cutting the pyramidal fruſtum MDEFM, and the equal 


Parallelopipedons AC, BL, which (being moveable about the fixed points 


A, B, in the ſame horizontal line) ſupport the fruſtum, by leaning againſt 
the ſides MD, FE, thereof. It is required to determine the angle CAB, 


| — its equal LBA, when the ſupporters and propoſed fruſtum are in equi- 
librio. 


SOLUTION. 
Biſcet MF and DE in the points P and O; draw POG, which will be 


perpendicular to the horizontal line AB. 


Join the points C, I., with the right line 
CLT ; let the middle points H, I, or 
centers of gravity of the ſupporters AC, 
BL, be joined by the right line HI; 
then S, the point where it interſects the 
perpendicuiar P OG, will be the place 


Through C draw QC R parallel to 
PS Q: and let K be the place of the 
center of gravity of the fruſtum. Put | 
AC=BL=a, AB = B, MP=PF=c, PO=e, KO x, s for the 
fine of the angle FMD, radius = 1; the weight of AC = f = that of 
BL, « for the weight of MFEDM, and let x be the fine of the angle 


CAB. Then ax = CR= TG, SG Sr, and 1 6 Vi: 
Vi AR .. b—2avi=xx c., —4 T2 Vi — x = 

W 3 : I 
MQ: Vi- :5:: -T QC 3 


f 
| 
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o e- „i and KT r—e + m + CO alu KS 


== +r—e+m+n But 2 K w. f:; KS: OK, (a being 


the * of the common center of gravity of the three given bodies, viz. 
2fr + 2fm—2fe 


the two ſupporters and the fruſtum) equal to IS + 
fax+ 2fr Via 5 * AG =» — fax+ wax+ wr—W —wn 
2 f + w , 27 ＋ 
2 5 2 ; which, being the diſtance of the common center of gra- 
pity from the horizontal line A B, muſt be a minimum; in fluxions we 
b | 24x 4 
ave fax+ wan Wn X RIS = = e Ta an 

by reſtoring the value of a, we et TILED 


chat iS, 
WS. 2 — Y 85 


Ten <MCQ= aan < CAB, or its equal LBA. 


Conor. 1. If the angles A CD, BLE, are right ones, then the tan 
< MCQ = tan <{ CAB, and conſequently f + w becomes equal to w, 
and therefore f = 0; which ſhews, that when the ſupporters AC, BL, 
are perpendicular to the ſides M D. EF, of the fruſtum, they will (if 
ſufficiently ſtrong, and the points A and B do not give way ) ſupport the 
folid "2 Gag MFEDM in that poſition, let the weight thereof be what 
it will. 


Coror: 2. If f = w, then the tangent of the angle CAB will be 
double the tangent of the angle MC Q. 


— _—_— _—_— 8 —_ 


— —„ 


PROBLEM XXIV. 


2 Ac be a horizontal line upon the point C of which ſtands an up- 


right parallelopipedon C D, one of the plane ſurfaces of which is per- 
pendicular to A C; it is required to find the angle C A B, in which a long 
folid AB (whoſe end B is fupported by the plane CD) vill be ſuſtained. 
in cquiihets by means of a weight P, appended to the end P of a ſtring 


we have d: x: 2: 7 = GS 


angle BAC S 267. 34. 
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DCA, paſling freely over a ſmall pulley fixed in the point C, whoſe other 
end is faſtened to the extremity A. of that ſolid. | 
FFT 
From any point D in CD, draw D E parallel :5 the horizontal line 


AC; and from G, the center of gra- 
vity of the beam or ſolid AB, let . NI 


SGM, GF, be drawn parallel to CD ee Þ 


and AC reſpectively. Put AG = m, 
GB=,, m = d, W for the weight 
of AB, I for the length of the ſtring 
ACP, 4 = CD, and x = BC, then 


m Xx 


4 
whence MG 2— , AC= = xx 


CP = -V and therefore 
DPH V dd—xx} conſequently 


d 


MGXW+DPxP „ T- T xW+b+1—vVdd-xxxP yh 


by Lemma 1, is the perpendicular diſtance of the common center of gra- 
yity of the ſolid A B, and weight P from the horizontal line D E, muſt be 


mW x P xx x 


22 in fluxions — 2 + THER = O, whince == 


= * = tan < BAC, to the radius d. 


Conor. If W=P, and n u, then r 


** a 5 0 | td , _ N W W 


PROBLEM XXV. 


T ET RC; be a perfect cylindrical inflexible rod, or leaver of the firſt 
kind (commonly called a Vectis) moveable about a fixed point C; 
to the end B of this rod a given weight B is faſtened, and to the other end 


R a ſtring of a given length, paſſing over a fmall pulley placed at a 
certain 


2 _— and the 
2 


— 1 4 * LS, 2 4 by N 
28 * = 4 "4 + WE 


1 ung; 4 - 
3 1 22 CH * 
eee 


its coſine RS conſequently '—= + 
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certain point F. It is required to find the poſition of this rod, when it is 


ſuſtained in equilibrio by means of a known weight G, appended to the 
end of the ſtring RFG, | 


SOLUTION. - 
Let RCB be the poſition required, and LPO a horizontal line drawn 


at any diſtance from the point C; to this line, 1 
from the points B, C, F, and R, draw the perpen- LL HEFTE 


diculars BL, CH, FP and RO, draw BN pa- | 


rallel to LO, cutting the perpendiculars in D, E, 
and N. From F draw FS perpendicular to 
F EP, meeting N R, continued in S; and put 
Sc CR=s FP=r,DE= HP=p, 
BR d, CH =a, I for the length of the ſtring 
RF G, x for the ſine of the angle RBN to 
the radius, 1; then will NR dx, BN = 


di,, DC = mx, BD = m V1i—xx,) BE 
=mV1i—xx p, FS ENV Yb. 
DH= BL = a—mx, FE= r—a+mx, RS=r— 


aur, or b—nx (putting —a =) whence FR FS 


and PG =r+I— Vin +n/ —— therefore, by Lemma 1, 


the perpendicular diſtance of the common center of gravity of the two 
weights B, G, from the horizontal line L O, will be expreſſed by 
G == i= —p +aB—mBx 
= G+B OED 
which (becauſe a maximum) being made equal to nothing, and the egua- 


„the fluxion of 


tion thence ariſing properly reduced, will give G x CR x RS+G xFSxCR 


x tan <RBN FR BC x B. 


Cox or. 1. From C let fall CM perpendicular upon RF (produced 


if need be) then will Bx BD =G x CM. For by the general equation, 


GN CRX RS CR FSK G 3 
we have 1 FR x tang. <RBN = BC x B. 


Now put 5 and c for the ſine and coſine of <R BN reſpectively, radius 
being unity, then we ſhall have tang. < RBN = =, ſin <FRS = EI 


2 7 RE 
$XFS CXRS in <BRM; whence 


FR“ 


FR * i 
„ 


f 


ſide of this equation by c, it becomes — + 


when ſuſtained at reſt by the weights P, Q. 


or given quantities KS = a, DM= , IR= c, 


SIl'=FB=x; then will BW = d— x, 
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MC = 17 CR + 2 — , and BD = c BC. Now ſubſti- 


tute = for the tangent of < RBN in the above general equation, and we 


ſhall haveZXERXRS ,, XCREFIXE = BCxB, multiply each 


cxFR 
GxCRxRSxc , 5xCRxFSxG 
FR Wi 


= BCXB xc, that is, MCXxG=BDXxB. 


Coro. 2. If the point R falls in the line FP, then FS =o, and 


our equation becomes RS x G x CR = Bx FR xXx BC; but in this caſe RS 
and FR coincide, therefore when the pulley at the point F has no effect 
upon the ſtring RFG, the above equation becomes G x CR B x BC, a 
well known property of the common balance. 


he = j : . SOLES IR : 
PC — — ——————————j᷑ ah 4 — 


—— N — »„—é— 


PROBLEM XXVvI. 


UPPOSE BDC an inflexible rod, or lever of the firſt kind, move- 
able about the fixed point D as a fulcrum to the extremities B and C 


thereof, let the ſtrings BKP, CIQ (which, by paſling freely over the 


points K and I, ſuſtain the weights P, Q) be faſtened. Ir is required to 


find the poſition of the ſaid weights and rod, when they are ſuſtained in | 


equilibrio. 
JJ 8 TN NR 
Let BC be the place of the rod or vectis, | 


Through any point, as M, draw a horizontal 
line SMNR; draw DM, BT, CN, per- 
pendiculars to that line; produce PK and QI 
to S and R. Through the point B, draw FBW 
parallel to S R; and from the point D, draw 
DE and CH parallel to SMR. Put the known 


SM=FW=d, MRS e, BD n, DC u, 
L. and / for the reſpective lengths of the ſtrings 
BKP, CIQ, and the unknown quantity 


_ 
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SO WD=V, FFFITB=FS=i—vVw—77) and FKhφεV = 
(7 beir put for a—s). The triangles BWD, DEC, are ſimilar, whence 
RC = - XV/m*—7 x 2 and conſequently NC = 6 + _ * Vn 
q put «—b= q, then HI - x Vn =) again, MN = x, 
= ald therefore e — = I = NR, whence we get RQ = c< +L il 


& £8 

*t* z 

* 

4: 
1 
4 


— YL 2 et and PS=— £ pn 

Le; conſequently the perpendicular diſtance of the common center of gra- 

vity of We i wks F. Q from the horizontal line S MER, will (by 
. 4 


Letama 1.) be expreſſed by Q Q q Bn a e ee 


— —_—_ 


22 +D7= E of pang — Fx z which being put into fluxions, 
and ,->perly reduced, gives Q x DC x HI x BWV x BE-Q x DW x NR 
KN DC= PxBDXCIxFK x BW +P x BD X DW XST x CI. 


Cool. 1. From D let fall DA perpendicular upon BK, ao DS 
upon IC (produced if need be) then will DA x P=Q x DS. By plane 


_ FB. 

trigonometry, we have 1 = ſin <q FBK, and 5+ its coſine (radius being j 
DW BY 353 ; 
unity) alſo y and F the ſine and coline of — DBW, therefore 2 
FK x BW + FB x DW ; 
< _ 1155 — is the ſine of <Q ABD, whence DA = b 
FER Bw) ERC DW Bl | 
— Ban — Again, 2 and 57 are reſpectively the fine 


and coſine of <! CIH, whence the fine and coſine of <? SCE will be ex- 
b: BW DW 
preſſed by 2 and 295 thoſe of < DCE by ; and I refpediively ; 


BW HI DW CH | 
whence P KI BN Þf = fin < DCS, and conſequently DS= 
2 — 5 01 EHEN Lg Now it is very evident, from the 


85 Q x DC x BW x HI-=Q xDC x DW xCH © 
general equation, that — = 


" BDxCIl © 
Px FK > — Zi x FBXDW therefore DAx P=Q xDS. 


6 
1 
; 
i 
| 
| 
i 


r BD x fin KBC: DC x 


— 
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Conor. 2. If DW o, or the rod BDC be retained by the weights 
PandQ in an horizontal poſition, then our equation becomes Q x DC x 


HI x BK P BD CI x FK, or, which is the ſame thing, Q x DC x 


= = PX DX 9 But, radius being unity, = and KR become the 
ſines of the angles which the directions of the weights make with the rod 
when at reſt in a poſition parallel to the horizon; and therefore it follows, 
That if a lever of the firſt kind, as BDC, whoſe fixed point or center of 


motion is D, be ſuſtained in equilibrio (in a poſition parallel to the hori- 


zon) by means of two forces P and Q act- 8 
ing in any given directions BK, CI, thoſe 
forces will be in the compounded (inverſe) ra- 
tio of the ſines of the angles which the direc- 
tions of the forces make with the lever, 
and the reſpective diſtance of each end 
thereof from the center of motion; that 


ſn Z BCI. 


Cool. 3. If the weights P, O, are freely ſuſpended from the points 

B, C, of the lever, then we ſhall have Q: P:: BD: DC; whence it 
appears, that in this caſe if the weights Q and P keep the lever at reſt, 
when in a poſition parallel to the horizon, they will alfo be a juſt counter- 
poiſe to each other, when the lever is in any other ſituation either above or 
below the horizontal line, paſſing through D, which is now the place of 
the common center of gravity of the weights. = | 


CoroL. 4. If from the center of motion D, we draw DG and DA 


perpendiculais to K B, and IC produced (if neceſſary) then P: Q 


DA: DG, for (the lever being {till ſuppoſed in a poſition parallel to 
the horizon) by the firſt Corol. P: Q:: DC x fn <q! BCI: BD x fin 
K CB; and, by plane trigonometry, we have radius (1): BD : : 
ſin KBC: DG, whence DG = BD ſin <KBC; in the+ſame 
manner, DA = DC x fin <} BCI, wherefore P: Q:: DA: DG. 


From the explication of the lever or vectis, we may, without any far- 
ther trouble, deduce the property of the wheel or the axis in peritrochio. 
For if DC be the radius of the axis, to which a weight is applied in C; 
and DB the radius of the wheel, or outer circle itſelf, to which a 
power is applied in B; the line CB, then may be conſidered as a lever 
or vectis, whoſe fulcrum is the point D, and the power balancing the 

weight; 


* 


. ; 


* 1 


PR” = 


weight; that is, the machine being held perfectly 
ſteady and immovable, the proportion of the power 


5 
to the weight will be always as the diſtances of the 2 2 \ 
lines of direction from the fulcrum D, reciprocally ; * 8 
8 


that is as DB, C D, reciprocally, or, which is all 

one, thoſe diſtances being the radii, they will be as 

the peripheries of the wheel and the axis recipro- 
cally. 1 


/ 


Turok and Practice of MECHANICS. 53 


>< 
— — _— ww vv, — 
1 


| I 


From theſe principles are alſo to be deduced the powers of thoſe common 


machines, Sciſſars, Pincers, Sheers, Forceps, the Crane, the Gimblet, the 


Hammer (as uſed and applied to the drawing out of a nail) with various 
others; as for the latter machines, they are more immediately reducible to 


the axis in peritrochio, though ultimately reſolved into the vectis. The 


power of the hammer is perhaps equally explicable either way. Thus the 
power being applied in A the extremity of the handle, and the obſtacle to 
be removed or drawn out in B, then the end O is | 
the fulcrum or center of motion ; and the power 
moving in a circumference, whoſe radius is OA, 
and the obſtacle (when moved) in another, whofe 
radius is OB. Hence if the forces (of the power, 
and of the reſiſtance of the obſtacle) are reci- 
procally as thoſe peripheries, or their reſpective 
radit (which are the diſtances from the fulcrum) 
they will ſuſtain one another, and be in equilibrio. 
This is evident by the preceding corollaries, or by a well known property 
of the bended lever, which we have inveſtigated at page 40. 


The explication of the Wedge and the Screw, though they are not ſo 


immediately and directly explained by the corollaries to the foregoing pro- 
blem; yet it may not be improper here to give ſome account of them, 
eſpecially as we have at the beginning of this treatiſe explained ſome pro- 
perties of the inclined plane ; to which the explication of the wedge may 
be referred, and indeed thar of the ſcrew, which is no other than a wedge 
impelled by a vectis, may alſo be referred. For the wedge, that when 
the impelling force is to the reſiſtance -of the obſtacle, as the thickneſs of 
the wedge to the height of the ſame; and for the ſcrew, that when the 
force that turns the ſcrew is to the reſiſtance of the obſtacle, as the inter- 
val of the two immediately ſucceeding turnings of the ſpiral to the cir- 
cumference deſcribed by the power in one converſion of the ſcrew : when 
it is ſo, the powers (in theſe machines) will be equivalent to the reſiſtances 
of the obſtacles, or there will be an equilibrium of forces and reſiſtances. 


P 
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Or, according to Sir [/aac Newton, when the force by which the wedge 
urges the two ſides of the cleft bodies, is to the force of the mallet upon 
the wedge as the progreſs of the wedge, according to the determination of 
the force impreſſed upon it, to the velocity with which the parts of the 
body give way to the wedge in lines perpendicular to the ſides of the 
wedge ; or when the force of the ſcrew to preſs the body, is to the force 
of the hand that turns it round, as the circular velocity of the handle to 
the progreſſive velocity of the ſcrew towards the compreſſed body; then 
there will be an equilibrium, or the contrary forces and reſiſtances will ſuſ- 
tain one another. | 


- The power and uſe of machines conſiſts only in this, that, by diminiſh- 
ing the velocity, we may augment the force, and the contrary. From 
whence, in all ſorts of proper machines, we have the ſolution of this pro- 
blem, To move a given weight with a given power; or, with a given force 
to overcome any other given reſiſtance. For if machines are ſo contrived, 
that the velocities of the agent and reſiſtant are reciprocally as their forces, 
the agent will juſt ſuſtain the reſiſtant; but with a greater diſparity of ve- 
locity will overcome it. So that if the diſparity of velocities is ſo great, 
as to overcome all that reſiſtance which commonly ariſes from the attrition 
of contiguous bodies, as they flide by one another; or from the coheſion 
of continuous bodies that are to be ſeparated ; or from the weights of bo- 
dies to be raiſed; the exceſs of the force remaining, after all thoſe reſiſt- 
ances are overcome, will produce an acceleration of motion proportional 
thereto, as well in the parts of the machine as in the reſiſting body. This 
part of the buſineſs of mechanics may therefore be eaſily compriſed in one 
general analogy thus : Let p, 7, expreſs any powers, moving forces, or 
torces and re ſiſtances, let the velocity of p be expreſſed by m, and that of 
r by a; then if p: :: 2: n, the contrary forces will ſuſtain one another, 
becauſe (upon this ſuppoſition) pxm=r7x# Therefore if p x m be 


greater than v xn; that is, 125 be greater than =, then the force p ſhall 


overcome the force or reſiſtance r. 


— * N * a 
- —ä— 


P R OB L E M XXVII. 


ET ED repreſent a beam ſuſtained at its extremity D, by a ſtring 
L DC of a given length, whoſe end C is faſtened in the horizontal line 
AC; the end E of the beam is ſupported by means of a weight Q, ap- 
pended to a ſtring, as EAQ paſling freely over a ſmall pulley at A. Ir is 


TazoryY and PRAcTice of MECHANICS. 55 


required to determine the poſition of the beam ED, and weight Q, waen 
they are in equilibrio. | 


SOL UT-1 © N. 


Let EF and DH be perpendicular to AC, and G be the place of the 
center of gravity of ED; draw GB parallel to Fr B H © 
EF, or DH and DS parallel w AC. Bt 
AC , GD a, GE=6, ED=s, DC I, 
EAQ=L, AF=y, HC= x, and W for the 
weight of the beam ED; then V. DI. 
z—x—y = FH=SD, and .. 
—=ES, whence WV /—x**+ V 3 —— 4 — = 
FE. . — + /F—x"= BG, and 
AE _ V Þ—x* + == + 2 Alix X* 5 TE me og DJ | 
quently the perpendicular diftance of the common center of gravity of the 
two weights Q and W from the horizontal line A C, will be expreſſed by 
| LQ— Q V t=x: + 3 + 2 Vs x f— r 


L 


WN 


„ — + W x Vl.— x* 9 | | : SHY 
D 7 In wheck muſt be the greateſt 
_ poſſible. In flaxions with y conſtant gives (when properly reduced) Q into 
FH—tHCC HC x ES FHN DHI GDxFH HC 


r r eghtEs. Da... 

or, Which is the lame thing, Q into — — 832 — 
> 1 FH x DH—-HCxEDxXES 

=W into 3 = REES, and by putting the ſame 


expreſſion itte 2:28 with x conſtant, we ſhall obtain the following equa- | 
AH ES FHxDH GFR 

—— = — XQ — 55 x W; divide each fide 

4 I ABx 3+ Fx DH  CODxFfH 

of this equation by EL, we have XEN EP x Q== EB. 


„W. But theſe factors of Q and W 7 7 are reſpectively equal to the 


tion, viz. 


1 
4 K 


fines of the angles AED, FED, radius being unity. That 25 is the ſine 
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of FED is obvious, and the ſine of AED may be found thus; IF 
ES 


is the fine of AEF EE its coſine, E55 the ſine of SE D, FD its co- 


* AE 

{ ſine; therefore — ES ; is the ſine of AED. For ES put 
FE— HD, and the numerator of the fraction becomes AH x EF—AF * 

Hb; in which for EF write its equal HD+ES, and we get AH x HD+ 

AH ES - AF Hd, or FH x HD+AH x ES; divide this by AE x 

ED, and the quotient evidently becomes the fine of AED, therefore W: 


Q:: ſin A AED: fin < FED x v5 which evinces the truth of that 


principle in mechanics, viz. That if two farces atting in different directions, 
as EF and EA, ſo as to have the ſame effect in ſuſtaining DE, or cauſing it 
to move about a fixed point D as a center, muſt be to each other mverſely as — 
fines of the angles of incidence FED, AED. Now imagine the points A, 
C, to coincide in B, then will AF become FB, HC will become HB; 
and DC, AE, will reſpectively become BD and BE; whence the fore- 
FH x DH x FE — FE x BH x ES 


going g general equations become — BE” xQ_ | 
rr BH o ED NES.  BHxXES+FHxDH | 


x Q GD FH XW; divide the former of theſe equations by the latter, 
1 FHxDHxFE—FEXBHXES _ GDxFHxDH—BHXEDXES 
e have HN ES+FHxX DH © GD x FH £ 
which, when ES = o, or the beam to be ſupported in a direction parallel 
to the horizon, becomes FE = DH, and conſequently either of the gene- 


— wn 29 
- . 


DH GD ſin < BED | | 
| ral equations in this circumſtance Bf BE xð Q ED * W. o or a = FED * he | | 
|| GD Eq | 


ET PROBLEM 


: 
: 
4 


"— m8 * 
* . 


E E, each perpendicular to AC, and DS pa- 
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PR US L EE M-- AXFI 


ET the beam ED, whoſe center of gravity is at G, be ſuſtained 70 
the weights Q and P, appended to the ends of the fir nzs EA 
DCP, faflened to the beam ar the points E, D, and pafiine treely over 
two ſmall pullies fixed at the points A and C in the horizontal line AC. 
It is required to find the poſition © of the ſaid beam and weights when ſuſ- 
tained in equilibrio. 


SOLUTION. 


Suppoſe it done, and that QAEDCP is the required poſition of 
re beam and weights. Draw GB, DH and 


rallel to it. Put AC u, GD=s WES 
ED , and W for the weight of the beam 
E D, L and J for the lengths of the ſtrings 
EAQ, DCP, reſpectively ; A —=AF, x 


= HC, z= AE; then VT = EF, 
12 — K —5 pms F H, and Sh —— — ES; 
hence VAZ—95 S an _— . HD, 


and Y —yi— 2 W2i— UEDA, T Dc. 


alſo > Xx V e ee V = — . = BG; conſe- 
LQ—zQ—7 . W + of. ons XxX + | 


quently we have 3 


Q+W-+P 
* P — Px are 2Vz—y x V7 — Te FI, 
TD NF 


for the perpendicular diſtance of the common center of gravity of the three 
weights Q W, P, from the horizontal line AC (by Lemma 1.) this 
diſtance muſt be the greateſt poſſible ; in fluxions, with x and 3 conſtant, 


SW 1 95 WA 
gives — Qz + =_— = =z5— x v7 — Px, or 
AE 5 S 
—Q+pFEXW=AE—FFEXESX go; which contracted be- 


AE HD x AF. 


comes ggxW=—xF DTxP=Q. Now let the foregoing ex- 
preſſion be put into fluxions with z and y conſtant, we ſhall then have 


Q 


| uſe of. 


HD EF 
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5 xXFHXDCxW=HDxFIlxP—HCXxESxP; and by taking 


again the fluxion of the ſaid expreſſion with only y variable, there will: 
AFxDCxW EG FH DC W _ AFxEFDxP 


cn RE a ad, 
x which, brought out of the fractions, gives EG x F H * 


EFxDCxW+EDxESX AFxDCxW =AFxDHxESXEDx P 
+EF NHD FHxXEDxP. 
The firſt and ſecond of theſe three general equations may be otherwiſe 


derived by the application of the common method of dividing forces, as 
ſhall be ſhewn preſently ; but the other, which is alſo abſolutely neceſſary 


for limiting the poſition of the beam and weights, does not ſeem deter- 


minable by any principle of mechanics (except the above) hitherto made 


Let the force Q, acting in the direction E A, be divided into two other 


forces, acting in the directions EF, AF; hence AE: EF::Q:Q x 


5 the force in the direction EF; by the ſame way of reaſoning, if we 


AE b 
divide the force P, acting in the direction D C, into two other forces act- 


| .-- HD 
ing in the directions DH, CH, we ſhall have P 56 for the force act- 


ing in the direction DH; and conſequently, if we imagine the beam ſup- 
ported by thoſe forces, and in thoſe directions, it is evident that W = Px 

1 HD x AE 
Jo + Q FF whence Q = EE * W — FF INN x P, which ex- 


. actly agrees with the firſt general equation above-mentioned, The force P 


is to the weight W of the beam, as the ſine of the angle HDE x 5 


to the fine of the angle CDE, by Problem X; therefore P x fin <q CDE 


=W xine HDE x 25 , and this equation we are to prove to be the 


ſame with the ſecond general equation, 57 x FH DC x WS HD x FH 


x P-HCxESxP. The fine of the angle HDE (to radius 1) is 
25. its coſine = ; the ſine of the angle CDH is pets coline Jos 
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FHx DH—ES x HC 
| ED DC , conſequently 


FH x DH —ES x HC 


therefore the ſine of the angle CDE is 


P x ſin & CDE is equal to P x EDD and Wx ſin 
. „ „ FHxDH—ESx HC 

< HDE x FD Þ equal to Wye EDX ED whence P x ED 7 —_ — 
 FHxEG FHxDCXEG 


FWI EP ED' or P FHxXDH—HCxXxESxXP=Wx — TD " 
which is the ſame with the ſecond general equation as above. But 
now to determine the relation of Q to P, by help of theſe equa- 
tions, let the value of VV, in terms of P and other quantities, viz. 
2 E HR — be ſubſtituted ia the firſt general 
f 3 dall h AEXHDXFHxGDXxP—AExDExXHCXESXP 
equation, and we ſha | have FEXEGTFA 7 DE — 
= Q. If for W in the firſt general equation, we ſubſtitute its value, viz, 
AF x HDXESXED xP+EFxHDxFHxEDxP . 3 
FEXEGx FH xEFxXDCTFEF ED ENA DC- found by the third 
general equation, we ſhall have (when properly reduced) this equation, 
GHD xFHxXAExXP=EGxFAHxEFxPCxQ+EDxXESXAF 
x DC x. But GD X HDXFH x AE xP=EGxFHxEFx DC xQ 
+ ED x ES x AE x HC xP, by the laſt equation, expreſſing the relation 
of Q to P; hence by ſubtraction, we get AF x DC O AE x HC x 
F pe H- 


Let us now ſuppoſe HC = o, or the beam F.D ſupported in ſuch poſi- 
tion, that the angle ACD may be a right one; it is then evident, that HD 
will coincide with DC, and conſequently that the firſt and ſecond general 
equation (which were alſo determined by the method of dividing forces) 


: | AE AE -- 3 
will reſpectively become FE X W — FE * P Q and DPT WSP; 
iubſtitute for P, in the firſt of theſe equations, its value, vg. 5 * V. 

| AE AE x EG 


we ſhall have Fr. * V — FEN ED * P=Q; which, as it involves no 


apparent abſurdity, may poſſibly be very true, and therefore it does not 
from hence appear, that the beam cannot be ſuſtained in the propoſed ſitua- 
tion laſt mentioned in equilibrio, by means of the weights Q and P. Let 
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now the third general equation, which in this laſt circumſtance becomes 

EGXFHxXEFxXW+EDxXESXxXAFxXW=AFxXESXEDxXP+EF x 

FH x ED P, be reſumed, and we have EG x FHxXEF x W+ED x ES 
FE | 


I AF X AF * EF X FH * ED Xx ED X W, conſequently EG X FH 


FE 
XEF x W- EF x FH x EG x W ED x ES AE N X Q; which 


being manifeſtly impoſſible, it follows, that the beam cannot be ſuſtained 
in equilibrio by any two weights Q and P, under the above-mentioned re- 


ſtriction with regard to the angle ACD. 


Conor. 1. If AF and HC are each ſuppoſed equal to nothing, then 
muſt EF coincide with AF, and HD with DC; in this cafe, the firſt ge- 
neral equation becomes W— Pg Q either of the other two becomes E 


 xXW=EDxXxP. For W in this equation ſubſtitute P Q, we have EG 


XQ=GDxP; and if we farther ſuppoſe EG = GD, then Q rault be 
equal to P. 


Conror. 2. If the beam ED is to be ſuſtained in a poſition parallel to 
the horizontal line C, then ES = ©, and the firſt equation will become 
AE AF | 


EE XW — JC * P=0Q> either of the other two will be LG x DCx W 
= HDxED * P, or, which is the ſame thing, 5 * W:= DG * P. 
2 Sa = 55 P; conſequently, if for Wein the equation, 125 X W— 
AE. | AExXED - 
40 th ow mor ts od oft awe 2 3 
Be * P = Q, we Put its value, v ſhall have EG T DC * P 
— 85 xP = Q; this equation, brought out of fractions, gives 


AE 


AE x ED AE EG PE Q DC x EG, that is, GD x AE 


1 . 
2 EGxDCXQ, or DC x P * oh XQ. 
Co Rol. 3. The general relation of Q to P, is that of es to > and, 


. AE 
by the laſt corollary, Q: P:: DC * — therefore when the beam is to be 


ſupported in a poſition parallel to the horizon, AF : HC : : FG : GD. 
The 


. . S 


TazoRY and PRAcTice of MECHANICS. 61 


The concluſions derived from the application of the general received 
principles of mechanics, eſpecially with regard to the reſolution of forces, 
are not always juſt, and ſometimes even abſurd, as will appear by the fol- 


lowing method of finding the ratio of the forces Q, P, and the relation of 


the angles A and C. By the reſolution of forces, DC: DH::P: 
2 the force in the direction DH, and AE: EF : : Q: . the 


—_— 
force ” the direction E F, but 2 : 2 :: EG: DG, hence P 
Xx DH x DG Xx AE=Q x EF x EG x DC. Again, DC: HC:: P: 
2 the force of P in the direction CH, and AE: AF:: Q: WD 


the force of Q in the direction AF, which, to ſuſtain DE in equilibrio, 
muſt be equal to the force of P in the oppoſite direction CH, that is, 


Tons otherwiſe AC would have a tendency to move along in a direc- 


tion parallel to the horizon, which is abſurd, therefore AF x DC x Q = 
HCxAiExXP, or as HCXAE : AE XT DC:: Q: P. Now the laſt equa- 
tion being multiplied by Q EF x DC x EG = P DH x AE x DG, we 


ſhall have HC x EF 4EG= AF x DH xDG, or RE 8 = 


| — +6 

8 HD EF . 
Therefore EG: GD: H FÞÞ and ſo is the tangent of the angle C 
to the tangent of the angle A. 


This ſolution is the ſame in ſubſtance with that given by Mr. Simpſon, at 
page 139 of his frſt treatiſe of Fluxions; and as there did not ſeem to be 
any apparent error in the application of the diviſion of forces, that ſolution 
was for a conſiderable time looked upon as juſt. The firt who diſcovered 
it to be otherwiſe was {as I have been informed by Mr. Edmund Stone) that 
excellent mathematician, the late Benjamin Robins, Eſq; who obſerved, That 
if the line AE (the other line CD remaining ſtill of the ſame length) ſhould 
be lengthened until ED became perpendicular to the horizon, the angle at 
C would then be a right one, and the other at A an acute angle; in that 
circumſtance, the tangent of the angle at C would be infinite, and there- 
fore could not be to the tangent of an acute angle, in the conſtant ratio of 
EG to GD. Notwithſtanding the above ſolution cannot be univerſally 
true, yet in that particular caſe, wherein the beam is ſupported in a di- 
tection parallel to the horizon, the concluſion coincides exactly with 
that derived from our method of inveſtigation, the proportion in ei- 

R 
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ther being EG: GD:: AF: HC, becauſe EF is then equal to- 
DH. 


Mr. Simpſon, in another ſolution to the ſame problem, ſee page 528 of 
his laſt treatiſe on Fluxions, has indeed avoided the particular error to 


fin EDC 


which'it was before liable, by ſhewing that EG : GD : : fig Jef 


fin A AED 
fin <Q AEF? 


tainly true when the beam is ſupported by two firings of given lengths, 


faſtened to the horizontal points A, C; but if the beam be ſupported by 
two weights, P and Q, after the manner deſcribed in our problem, the 
above concluſion, and the ratio of thoſe weights, as given by Mr. Simpſon, 
will hold no longer true, than while the beam retains a poſition parallel to 


the horizon, becauſe it is the common center of gravity of the beam and 
weights that will get into the loweſt place, when they are ſuſtained in equi- 


librio; and therefore to ſuppoſe, that no alteration in the poſition of the 


beam would happen, if, inſtead of the weights, the ſtrings were faſtened 


at thoſe points over which they before were ſuffered to ſlide, is erroneous ; 
for, in this caſe, it is the center of gravity of the beam alone, that muſt 


be in the loweſt place poſſible, which before was not neceſfary, the equili- 
brium there depending upon the ſituation of the common center of gravity 


of the beam and weights; and therefore, unleſs it can be proved, that the 
perpendicular diſtance of the common center of gravity of the weights and 
beam (when ſuſtained in equilibrio) from the horizontal line AC, is equal 
to that of the center of gravity of the beam therefrom, when ſuſtained ar 
reſt, the poſition of the beam in both caſes will not be the ſame. 


PROBLEM XXIX. 


CUPPOSE BDC a bended lever, moveable about the fixed point D 
as a fulcrum; from the extremities C and B thereof, let the given 
weights Q and P be freely ſuſpended, by means of the ſtrings CQ. BP. 


It is required to find the poſition of this lever BDC, when ſuſtained in 


equilibrio by the given weights Q, P. 
| SOLUTION. 
Let BDC be the required poſition of the lever. Through any point 


M, above B, C, draw a horizontal line, as TMN, Draw BT, DM 


which (as has been ſhewn at page 34 of this treatiſe) is cer- 


* 
Xx 8 
14 
+ 
$3 
* 
E. 
4 
LW 
& 
* 
{ 


oy 
® + 
* 

: . 

E. 

4 

1 

4 


the perpendicular DH. Put the known or given B 


| S 
and conſequently V = BE. Now m: © 


angle CBW, whence WC = 2 b * 
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and CN perpendiculars to TMN, and from B, I. M N 
draw BW parallel to TN; join the points B, C, 
with the right line BC, and thereon from D let fall 


quantities DM = b, BD = m, DC, BC = , 
fin <DBC = p, its coſine = q, radius = 1, and 
the unknown quantity BT= x; then ED= b— x, 


5+ + Js 6 ſin < DBE, and 2 — 


m — 
* In —— 2 


. | Kos: : = : 
its coline ; therefore q x . — expreſſes the ſine of the 


nm 
b—x ph | 1 5 
A Vm'—b—x", and NC= 


b—x p 


a+gbu=——— XV n. Therefore as it is the ſame thing 


whether the weights are appended at the points Q, P, or C, B, it follows 
(by Lemma 1.) that the perpendicular diſtance of the common center of 


gravity of the weights P, Q, from the horizontal line TN, will be expreſſed 
xP+xQ +Qbx=—E*xvVnr==D _ . 
om = T 5 — —, which muſt be a maxi- 
mum, and therefore its fluxion equal to nothing, that is, P x + Qx — 
4 Qzpb NK x _ 6 
a V 


5 Df BC Fae - BH BC 
— = > therefore our equation becomes P + Q—Q x — 


_  _DHxBCxDE 
= QX "BD: x BE * 


| Conor. 1. If BDC be a right angle, then P: Q:: EW: BE; for 


BD. = BC x BH, and BD: DC:: DE : EW, from this proportion we 


BFXEW -- | 
get BD x DC = Y —. Now for BH x BC in the above equation, 
ſubſtitute its equal BD*, and for DH x BC, to which BD x DC is equal, 


= : BD: W 
ſubſtitute therein 8 » and we have P= 8 NT - >» conſequently 


. Q:: EW: BE. 
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Cox or. 2. P: Q:: EW: BE, let the angle BDC be what it will. 
For the fine of the angle B DE put s, c for its coſine, 7 for the fine of the 
angle DBC, 7 its coſine; then, by plane trigonometry, we have c BD = 
DE, BD = DH, and: BD = BH, alſo BD = BE: let theſe values 
be ſubſticuted for their reſpective equals in the above equation, P + Q 

BH x BC DH x BC x DE 


Ve BD: S Q BD: x BE and we ſhall have P+Q—Q 
t KC 1 BDX BC) : 

X — 155 2 = Q X 5 5 » which contracted becomes PA. 

: BC Fen WC. -. ts BC+rc BC BD 

Q—Q x "BD =0 X 7 5 that 18, FX Q X - BD ; 


But it is well known, that zs + rc is the coſine of the difference of the 

angles BDH and BDE, that is the coſine of the angle EDH, or the right 

fine of the angle BCW , conſequently ;5s BC + rcBC is equal to BW, 
- Wc 

whence P=Q x = 5 =, for 5 BD put its equal, 'viz. BE, and then 


BD 
BW— LW _ | 
— — that is, P E Q or P:Q:: EW : BE. 


BE, 


Theſe concluſions agree exactly with what Sir 1/aac Newton has deter- 
mined in his Mathematical Principles of Natural + 
Philoſophy ; where, in corollary 2d to the zd ge- 14 B 
neral law of motion, is explained the compoſi- TY 
tion of any one direct force AD, out of any two 
oblique forces AB and BD; and, on the con- 
trary, the reſolution of any one direct force AD, 
into two oblique forces AB and BD; which - 
compoſition and reſolution of forces are abun- C D 
dantly confirmed from mechanics. 


As if the unequal radii OM, ON, drawn from the center O of any 
wheel, ſhould ſuſtain the weights A and P, by the cords MA and NP; 
and the forces of thoſe weights to move the wheel were required. Through 
the center O, draw the right line KOL, meeting the cords perpendicularly 
in K and L; and from the center O with OL, the greater of the diſtances 
OK and OL, deſcribe a circle, meeting the cord MA in D; and drawing 
OD, make AC parallel and DC perpendicular thereto. Now, it being 
indifferent whether the points K, L, D, of the cords, be fixed to the 
plane of the wheel or not, the weights will have the ſame effect whether 

they 
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they are ſuſpended from the points K and L, or 
from D and L. Let the whole force of the 
weight A be repreſented by the line A D, and 
let it be reſolved into the forces AC and CD; 
of which the force AC, drawing the radius OD 
directly from the center, will have no effect to 
move the wheel: but the other force DC, draw- 
ing the radius DO perpendicularly, will have the 
ſame effect as if it drew perpendicularly the ra- 
dius OL equal to OD; that is, it will have the 
ſame effect as the weight P, if that weight is to © 
the weight A, as the force DC is to the force i IR 4 
DA, that is, (becauſe of the ſimilar triangles ADC, DOK) as OK to OD 
er OL. Therefore the weights A and P, which are reciprocally as the 
radii OK and OL, that lie in the ſame right line, will be equipollent, and 
ſo remain in equilibrio ; which is the well known property of the balance, 
the lever, and the wheel. If either weight is greater than in this ratio, its 
force to move the wheel will be ſo much the greater. 


If the weight p, equal to the weight P, is partly ſuſpended by the cord 
N p, partly ſuſtained by the oblique plane p G, draw p H, NH, the former 
perpendicular to the horizon, the latter to the plane G; and if the force 
of the weight p tending downwards, is repreſented by the line p H, it may 
be reſolved into the forces pN, HN. If there was any plane perpendi- 
cular to the cord p N, cutting the other plane p G in a line parallel to the 
horizon, and the weight p was ſupported only by thoſe planes pQ, p G, 
it would preſs thoſe planes perpendicularly with the forces pN, HN; to 
wit, the plane pQ with the force p N, and the plane pG with the force 
HN. And therefore if the plane pQ was taken away, fo that the weight 
might ſtretch the cord, becauſe the cord, now ſuſtaining the weight, ſup- 
plies the place of the plane that was removed, it will be ſtrained by the 
fame force p N, which preſſed upon the plane before. Therefore the ten- 
on of this oblique cord pN will be to tha: of. the other perpendicular cord 
PN, as N to pH. And therefore if the weight p is to the weight A, 
in a ratio compounded of the reciprocal ratio of the leaſt diſtances of the 
cords p N, AM, from the center of the wheel, and of the direct ratio of 
2H to PN; the weight will have the ſame effect towards moving the 
wheel, and will therefore ſuſtain each other. | 


That the weight p is to the weight A, in a ratio compounded of the re- 
ciprocal ratio of the leaſt diſtances of the cords pN, AM, from the center 
of the wheel, and of the direct ratio of pH to pN ; that is, that p: A:: 
KO x pH : OL x pN, may be eaſily — by help of the IIId Problem. 
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page 9, where it is proved, that the weight which, acting in the direction 
PN, is ſufficient to ſuſtain p upon the inclined plane p G, is to the abſo- 
lute weight thereof as pH to pN; and therefore if A be taken equal to 


a fourth proportional to OK, OL and 2X22, it 15 evident, that the 


SO 


weight p, partly ſuſtained by the cord N p, and partly by the plane pG, 
will be a juſt counterpoile to the weight A. ; 5 


Upon the ſame principles, and in a method fimilar with Sir J/aac 
Newton's, the late Doctor Helſbam. in his Lectures on Natural Philoſophy, 
page 118, has given the principal properties of the lever in the following 
manner: 


If the weight A hangs freely from one end of a balance, ſo as to have 
its line of direction D A, perpendicular to the | 
arm of the balance; and it another weight, as E F 6 
B, be hung at the other end E, in ſuch a manner, | | | 
as that its line of direction EC, by paſſing over 
a pulley at C, may be oblique to the arm of the 
balance, the weight B muſt be to the weight A, 
when it counterbalances it, as EC to CF; that 
is, as radius to the fine of the angle CEF, made 
by the oblique direction of B with the arm of 
the balance: for if the whole force of gravity in 
the weight B, acting in the direction EC, be de- 
noted by the line EC, it may be reſolved into two forces, denoted by E F 
and FC, acting in the directions of thoſe lines; of which two forces, the 
latter only which acts in the direction FC, perpendicular to the arm of the 
balance, withſtands the force of gravity in the weight A; the other force, 
which acts in the direction EF, being intirely employed in preſſing the ba- 
lance againſt the axis of its motion. Since therefore that part of tne weight 
B, which acts in oppoſition to the weight A, is to the whole weight B, as 
FC to EC; it is manifeſt, that in order to make the weight B balance the 
weight A, it muſt exceed the weight A in the ſame proportion that the line 
EC exceeds the line FC. 5 


As a corollary it follows, that the perpendicular diſtances of the lines of 
direction from the center of motion, are to one another inverſely as the 
weights; for if from G, the center of motion, be let fall GH perpen- 
dicular to EC, that line will be the perpendicular diſtance of the direc- 
tion EC from G; and EG, equal to DG, is the perpendicular diſtance 
of the direction DA; but the triangles EFC and EHG are ſimilar, be- 
cauſe their angles at E are equal, and they have each a right angle; 


be to B, as CE to DC: for ſince the weights hang E 
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but the weight B is to the weight A, as EC to FC; that is, as EG or DG 
to HG: ſo that wherever two powers, which act in oblique directions, are 
to one another in the inverſe ratio of the perpendicular, or ſhorteſt diſtance 
of their lines of direction from the center of motion, they muſt balance 
one another. Whence it follows, that if two weights, as A and B, be 
ſuſpended from two points, as D and E, in the plane 


of a wheel placed in a vertical poſition; and if the Fi 1 
10 


line DE, which is drawn through the two points of ö 
ſuſpenſion, paſſes through C the center of motion, NI 
the weights will balance, provided they be to one II: 
another inverſely as the diſtances of their points of \ : 
ſupenſion from the center of motion; that is, if A \ | 


freely, their lines of direction DA and FB will be . | 
perpendicular to the horizon, and, of conſequence, (A) S 
parallel to each other; wherefore if the line HCF 1 - 
be drawn through the center of motion, perpendicular to the two lines DA 
and FB, the triangles DHC and ECF will be ſimilar; conſequently DC 
will be to EC, as HC to FC; but by ſuppoſition, the weight A is to the weight 
B, as CE to CD; that is, as CF to CH: fo that the weights are to one 
another inverſely, as the perpendicular diſtances of their lines of direction 
from the center of motion, conſequently they muſt balance; and though 
the wheel ſhould be turned upon its axis, and the diſtances of the lines DA 
and EB from C be thereby altered, yet will the ſimilarity of the foremen- 

tioned triangles continue, and, of conſequence, the balance between the 
weights will be preſerved. — 1 


If a crooked lever F CD be ſo placed on its prop at C, as that the arm 
CF may be parallel to the plane of the ho- 5 

rizon, and the arm CD inclined thereto, ME —— 

if two weights, as B and A, appended at >> 
D and F, be in the reciprocal proportion e | N 
of the perpendicular diſtances of their lines . 

of direction from the prop; that is, if B be 7 C| 

to A, as FC to EC, there will be a ba- oC 

lance; for as long as the arm CF continues 

parallel to the horizon, the weight B, hang- U | 

ing from the point D, acts in the ſame De ©}. 
manner in oppoſition to the weight A, as 8 FR 
if it hung from E, the extremity of the ® 2 
ſtrait lever FC, continued on to E; in o 


which caſe the weight B, that balances the 
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weight A, muſt bear the ſame proportion to it, that FC does to EC. If 
therefore the arm DC be bent in ſuch a manner, as that EC may be 
one half or one third of FC; in the former caſe a weight of two ounces, 
= and in the latter one of three ounces, hanging from D, will be counter- 
| poiſed by one ounce hanging from F. 


If, by moving the lever, the arm FC be put out of its parallel di- 
rection, the balance will be deſtroyed z for that cannot be preſerved, 
unleſs the diſtance of B*s direction from the prop, continues to bear 
the ſame proportion to the diſtance of A's direction, that E C does to 
FC; which in this caſe is impoſſible. For, firſt, if the point F be 
moved upward towards H, and of courſe the point D downward to- 
wards G, it is manifeſt, that the diſtances of both directions will be 
leſſened ; but the decreaſe of EC in a given time, will bear a greater 
proportion to the decreaſe of FC, than EC does to FC; for by that 
time the point D has moved from D to G, through the arch DG, 
which meaſures the angle of CD's inclination, E C will vaniſh ; whereas 
FC cannot vaniſh till ſuch time as the point F has moved from F to 

M, through the quadrantal arch FM; but in the ſame time that the 
point D moves from D to G, through the arch DG, the point F can 
move only from F to H, through the arch F H, ſimilar to DG; which 
arch being always leſs than the quadrant, the perpendicular diſtance of 
A's direction fiom the prop, to wit, FC, will not vaniſh upon the ar- 
rival of the point F at II; that is, it will not vaniſh fo ſoon as EC; 
conſequently the decreaſe of EC in a given time, muſt bear a greater 
proportion to the decreaſe of FC, than EC does to FC: wherefore 
EC, as diminiſhed in any given time, will be to F C, as diminiſhed in 
the ſame time, in a leſs proportion than that of EC to FC; or, in 
other words, the perpendicular diſtarce of B's direction from the prop, 
will bear a leis proportion to the perpendicular diſtance of A's direc- 
ton, than IE C does to FC; and therefore the weight A will prepon- 
derate. If the point F be moved downward, and conſequently D up- 
ward, it is manifeſt, from the inſpection of the figure, that the diſ- 
tance of A's direction from the prop continually diminiſhes, at the ſame 
l time that the diſtance of B's direction increaſes ; and therefore the weight 
= B muſt in that caſe overbalance the weight A. | 


: In order to examine the foregoing property by our method ; let 
| BCF repreſent a crooked lever, whoſe prop is at the point C, and 
| ro whoſe ends D and F, the given weights B and A are appended, 
l Through the point C, draw a right line HCK, parallel to the hori- 
TE zon; from D and F, draw DH and FK perpendicular to HK. 
_— Put 
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Put s and c for the fine and coſine of the angle I C 
DCF, x and y for thoſe of the angle FCK, ra- 8 
dius = 1, DC =a, CF =I; then, by plane 
trigonometry, we have 1: :: x: Xx EK, 
and 35 + cx = fin < DCH, therefore DH = 
as5y+ acx, and conſequently (by Lemma 1.) 
the perpendicular diſtance of the common cen- 
ter of gravity of the weights A, B, from the 
horizontal line H K, will be expreſſed by 
Basy + Bacx + Ax the fluxion of which 

A+B 
being made equal to nothing, gives Basy+ Bacx+ Abx=0, or Basx— 
Bac Vi—x"= Ab V1-—xs,' by ſubſtituting for y its value V j—_x* 
and dividing each fide of the equation by x, that is, B x DC x fin < DC 
x tan < FCK — B x DC coſin < DCF=A x CF. 


Cok ol. 1. B: A:: CK: HC; for CK =5 r and becauſe 
sy + c x expreſſes the ſine of the angle HCD, Xx —cy will expreſs its 


coline, therefore HC = as x—acy, or a5 x—ac Vi—_x, conſequently, 


if for as x -A Wi—x,)andb i- in the above equation, we ſub- 
ſtitute their reſpe&ive values juſt now found, that is, HC and CK, we 
ſhall have Bx HC = A x CK, and therefore B: A:: CK: HC. 


CoroL: 2. If x = o, our equation becomes — Bac = Ab; which 
ſhews, that unleſs c be negative, or the angle DCF be obtuſe, no equili- 
brium of the weights can enſue, when the arm CF is in a ſituation parallel 
to the horizon. | | 


Doctor Helſbam, in his ſolution obſerves, that in order to preſerve an 
equilibrium between the weights A, B, when the arm CF (ſee the laſt figure 
bur one) is parallel to the horizon, the weight A muſt be to the weight B, 
in the reciprocal proportion of the perpendicular diſtances of their lines of 
direction from the prop; but from our inveſtigation it appears, that in 
whatever ſituation the lever may happen to be placed, there will be an equi- 
librium between the weights, provided they are in the reciprocal ratio of 
the perpendicular diſtances of their lines of direction from the prop. Ir 
is indeed true, that, if after having oace fixed the quantity of each weight, 
and conſequently their ratio, and found the poſition in which the lever will 
ſuſtain thoſe weights in equilibrio, it be put out of that poſition, the ba- 
lance will be deſtroyed ; but this does not in any wiſe render our ſolution 


T 


DBC, to the radius 1; the unknown | 
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leſs general, as is evident from the corollaries. And therefore what 
the Doctor has advanced with regard to the paralleliſm of the arm CD 
of the lever with the horizon, does not appear at all eſſential to the 
ſolution of his problem; becauſe, as we have proved above, the direct 


ratio of the weights muſt be the reciprocal ratio of the perpendiculars 


drawn from the center of motion, to the directions of the weights re- 
ſpectively. Toy 


—_— — * 4 — — n 0 — * —_ r 


PROBLEM XXX. 


UPPOSE BDC a bended lever, moveable about the fixed point 
D as a fulcrum; at the extremity C thereof, let a given weight 8 

by means of a ſtring, be freely ſuſpended; and at the other extremity 

of this lever, let a ſtring BKP be faſtened, which, by paſſing over a ſmall 


pulley fixed in the point K, ſuſtains a given weight P. It is required to 


find the poſition of the lever BDC, when the weights P and Q are a 
Juſt counterpoiſe to each other. : 


SOLUTION 


Let BDC be the required poſition of the lever. Through any point 
M, draw a line parallel to the horizon, as | : 

SMN. Draw KS, DM and CN, each 8 T Al N 
perpendicular to S MN, and through B, : 7 
draw T BW parallel to SN. Join the 
points B and C with the right line BC; 
and thereon from D, let fall the perpen- 
dicular DH. Put the known or given 
quantities K S a, DM =, CN =«<, 
SM d, BD = m, DCA, BC = b, 
L for the length of the ſtring BK P, p 
and q for the fine and coſine of the angle 


quantity TB= x. Then DE = 5, BE = V und FB = 
d — iz, whence BK => = and conſe- 


quently PS L-, Y Y Y Y += +0. Again, = * 
— hes 
< DBE, mg LE Ds = its coſine, therefore q x . > 
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* VF? = fin < WBC, whence NC becomes 4 * = — 


2 X —— + x; therefore, by Lemma 1, the perpendicular diſ- 
Ac of the common center of gravity of the weights P, Q, from the hori- 


. — 
zontal line SMN, will be 2 1 = — 7 2 * — a= 


7 2 2 2 E—Qx =: X — . which muſt be the 


b=x X x 


5 F A --x: 
_ greateſt — In fluxions we have PX—— — — 
3 r 
1 b x 2 "7" 
— X — * — RTE X —a—_—_ * 2 which, being Properly re- 
| a PB x DE-+ BE x FK 
duced, becomes P x BY f = a 15 * cos </ DBC 


-— REC 
+Qx W x fin <; DBC—Q x BE. 


Coror. 1. If FB g o, or the n P freely ſuſpended from the 
extremity B of the arm DB, then the above general equation will contract 


BC x BE 
into Px BE Q "=" X cos & DBC + Q x 2 
< DBC—BExQ. 


Coror. 2. If BDC be a right angle, and FB ſtill = o, our 


laſt equation will farther contract into * BE BD S QX DC x 
DE. ! 


The concluſions in theſe corollaries agree exactly with the determinations 


in the corollaries to the laſt 1 page 63; and therefore it follows, 
that in either of theſe, P: Q:: EW: BE. 


Conor. 3. P is to Q, as EW is to the perpendicular D &, drawn 
from the fulcrum or center of motion D, to the line of direction BK of the 
ks ht or power P, the angle BDC being either obtuſe or acute. In order 

w this, draw CA perpendicular to DM, then will CA WE. Put 
3 and for the fine and coſine of the — BDE, r and t for the fine and 


to DB, and put EG=m, GD n, m+n 
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coſine of the angle DB C; then, by plane trigonometry, we have DE = 

c BD, DH = r BD, BH = #BD, BE = 5s BD. Let theſe values of DE, 

DH, BH, and BF, be ſubſtituted in the general equation above found, it 
Px FB x DE +BExXFRKxXP %#xBDxBC 

will become = BEER = BBD — XQ + 

BDK BC Xx BD | 

n Q — Q; whence, by proper reduction, we get 


Px FBxDE +BEXFKxP _ —QxsBD+#BCxQ 4 7<BCXQ 


BE x BK ET BE BE 
3 FB x DE +BE x FK EW. 
therefore PN : BD — BER = = 3 for ts +rc is the 


ſine of the angle BC W, and that of the angle SBD is expreſſed by 


FB x DE + BE x FK 
Wo BD x BK tos 
: 3 EW :.DJS. 


conſequently P X SD= Q Xx EW, and thence 


— — 98 2 1 — — — 
. : W* — — 
7 


-” - 


PROBLEM XXXI 


| 'T determine. the poſition of the beam ED, when ſuſpended at reſt 


by means of the ſtring BDEB (faſtened to the point B in the hori- 


ontal line AC) and upon which the ſaid beam freely ſlides. 


$04 Uri on 


Suppoſe EBD to be the required poſition, From the points E, D. 
draw EA, DC, perpendiculars to AC; join 1 0 
the point G the center of gravity of the beam, | 
and the point of ſuſpenſion B with the right | | 
line BG. From E draw E H perpendicular 


= d, BE+BD=s, BD = x, fin < DBC 
= 2, radius = 1; then, by Lemma 2, we 
PR + x 2 POPE | 


have — Tn = £06 CEL dE 


7 OE | 
V 2x X5i—x H; conſequently the fine of 
2X X 5x 


therefore its ſine = 


| — _—_——_—_—_ 8 
the angle EBA will be expreſſed by Vx Se on He —< KN 


2 XK px 


+ 2 
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— X ne —_——____, 
+2X 2 , therefore AE ZA Der tum ON 
2X X $j—x 27 


inn) +2xir txt and DC = zx; hence, by Lemma 1, the 

| 2 x | | 
perpendicular diſtance of the center of gravity of the beam from the hori- 
VERDES x Vi--" 


zontal line AC, becomes = > a TS be 
| 2x 
+EX2O+23— 2x x 5 + 2 x, which muſt be the greateſt poſſi- 


Bs 


- ; K | | 1 Vs *— — — + — 
ble; in fluxions, with x conſtant, gives = x — - = 


SE = Eun IEEE „ Divide wh th 
8 1* * * — 2 + TXAXS. Divide each fide of 
the equation by 4 and for u, 1, — — — — 


_ gg 
and x; ſubſtitute their reſpective values, viz. GD, EG, EH, BH and 
| 1 


BD, there will ariſe GD x EH * = —=DGxBH -+EGxBD, 


whence = „or the tangent of the x DBC to the radius, 1, is equal 


| EG x BD 5 | 
to — E Let the expreſſion for the maximum be put 


into fluxions with z conſtant, and the equation thence ariſing, will, after 
proper reduction, become EG x BD = GD x EB, therefore EG: GD:: : 
EB : BD, and conſequently the right line BG biſects the angle EBD. 


The ſame otherwiſe. 


It appears, by the general principle of mechanics, mentioned at page 33, 
that when the beam ED is ſuſtained at reſt by means of the ſtring BDEB, 
the right line BG, joining the center of gravity G of the beam and point 
of ſuſpenſion B, will be perpendicular to the horizontal line AC. It is 
likewiſe evident, that the center of gravity of the beam will be the fartheſt 
poſſible from the point of ſuſpenſion, and conſequently that BG muſt be a 
maximum : this being premiſed, and other things remaining as before, let 
B.F be drawn perpendicular to ED; then, by plane trigonometry, we 
have d: 4: : — 2K: 7 X — 2X = EF — FD, hence 2 + 74 X — 2 


U 
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8 


e a 8 ; : 
=EF, and BF! =5—x — Ti. but GF* = a- 


EN Sb 3 
| therefore BG. = Sx — y + —X —_ © las m + 4 + — X = 
the fluxion of which, being made equal to nothing, gives 5 — x = 


| £4 Ax x5+ * 2 . A. or, which is the ſame 
| 2 24 | 4 2 24 85 a 


thing, BE = EF x 2 —GF x 7 that is, B E EG . 
whence EG x BD = GD x EB, and conſequently EG : GD : : EB : BD, 
the ſame as before. 


4 tl. . FRY 
— 
, » 


” PROBLEM XXXII. 


ET QAEDC be a ſtring of a given length, faſtened at C, and 
paſſing over a ſmall pulley fixed in the point A of the horizontal line 
AC ; upon this ſtring, ſuppoſe a beam E D, whole center of gravity is G, 
freely ſlides. It is required to determine the poſition thereof, when ſuſ- 
tained in equilibrio by means of a known weight Q, appended to the ex- 
tremity of the given ſtring. 9 ; 


SOL UT ION. 


From the points E, G, and D, draw EF, GB, and DH, perpendiculars 
to AC. Draw DS parallel to AC, and n FB 1 
put / for the length of the ſtring QAED C, p-—— | — 
AC=s DG=s IG =, ED=$i=s | 
+ 5; then will QAE+ DCS =I, which | 


put = p, and let W repreſent the weight 3 1 | 
of the beam ED; call HC, x, AF, y, and 1 — 10 
AE, z, then will FE = V/z*—y*, ES E EY 


f , and DH = Ve = 3 
— V.. = therefore we have DC © 79 
VN. —=2 VN ον N f By the ſimi- 


| har triangles DES, DGI, we have DE: ES. DG G1 ＋ 
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„ to which add HD, gives BG = VR = — 7 


„ . ; whence, by Lemma 1, the perpendicular diſtance of the 
common center of gravity of the weight and beam from the horizontal line 


AC, will be expreſſed by 7Q—Qz—QxV/#—f+f——=3 —2v/i—p 


„ 
7 oy D W V NW N —— hi 
5 TW — „ Which 
mult be the greateſt poſſible. In fluxions, with z and y invariable, gives, 
G0 DH x FH— HC x ES 
when properly reduced, W * 25 = Q x 55 1 


the ſame expreſſion being put into fluxions, with cody z variable, produces 
this equation, Q x FE x DC + HDXAEXQ = AE x DC W] and, 
laſtiy, by making y flow, x and z being invariable, we have, after due redattion, 
= GE AE x ES HDX FHx FE+HD x AEx ES 
FH X EP XW WAN. Q 1 — 


Cool. If ES=o, our equations become W x "_ Q - ch AE 
3 FH 


H HD 
Qx rn. «=, Ws = ax 2. The firſt and third of theſe 


equations are exactly alike z and therefore if we divide the ſecond equation 


by either of theſe, we ſhall have - = . wherein, if we ſuppoſe 


EG = GD, it will follow that AE = DC. 


. — 


— 


PR OB L E M XXXIII. 


O determine the poſition in which the bended lever BDC, whoſe center 
1 of motion is the point D, will be ſuſtained in equilibrio by means of 
two weights P, Q, appended to the ends P and Q of the ſtrings * CI. 
faſtened to the extremities B and C of the lever, and paſling freely over 
two ſmall pullies fixed in the points K, I, 
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SOLUTION. . Ss 
Through any convenient point M, draw {; ; : 

a horizontal line SMR, and let BDC re- a 
preſent the poſition required. Produce : 
PK, QI, to the line SMR, and draw BF, : 

DM, CN, parallel to PS or QR; draw FF 8 
alſo BEW and CH parallel to SMR; join | 5 TK 
the points B, C, with a right line BC, and | 4. 
from D, draw DA perpendicular to BC. 

Put KS= a, DM =, SM d, BD , ,% 
DC, BCS IR =, MR Se, # 2 1 


and for the ſine and coſine of the angle | 
DBC, radius = 1. Let L and / repreſent the lengths of the ſtrings BKP, 


CIQ, put TB = x; then will DE -x, BE = Vn -= and 


FB d— V/m'—i, whence BK = V = +557) ard 


conſequently PS = L— VI e +25 +4. Again, — 


b —x p 


"Sm, | 
= fin S DBE, and YZ = its coſine, therefore q . — , 


* — — = fin < WBC; whence NC = 9b x = + * — 2 


1 „„ 
„„ Wm —b=x, and HI =c—qhb X- 1 + * K. 


m 
By a well known theorem in plane trigonometry, mentioned at page 39, We 
— vw" | 
have p = + 9X 2 = for the fine of the angle BCW;, and 


therefore EW= N + 9b XX =- and Cl= 


2+ 3 bx=*—9 by 1 ED — | z 


Hence, by Lemma 1, the perpendicular diſtance of the common center of 


V c—qbx=+bpxY hs 


gravity of the two weights P, Q, from the horizontal. line SR, will be - 
expreſſed by P; x L—PxX 4—. Vn - + LN +PXa+/ XQ—Qx 


P+Q 


— 


— FTC 
r which being put into fluxions, made o, and the equation 


+Q xc 


thence 


bs 


— . —# +pbhx=—Exv/a=rn + 


* 
8 

* 

x 

Key 
3 
2 


B 


counts for this property in t 


Let AB repreſent the 3 of a common A | CR V 
balance or pair of ſcales, — on the — 
axis at C; and let a man, ſtanding in the : 
fcale D, and counterpoiſed by a weight i in : 
the ſcale E, lay his hand to ſome part of : 
the beam, either on the fame ſide of the : 
axis with himſelf, as at H, or on the : 
other ſide as at K, and preſs the ſame up- 1 
ward, inaſmuch as action and reaction D | D 
are always equal; it is manifeſt, that with — = 
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thence ariſing properly reduced, by firſt ſubſtituting therein for the values 


25 2 3 , a ; BA x BC AD x BC 
of = and 7 their reſpective equals, DZ. Ur and 35 there 


will ar lengrh be produced the following equation, RE EN 
„ _ Quinn 
—_XC BD XCl = 
Q x HIx AD x BC x DE 


BD* XxBE xl * 


Conor. 1. If FB and CH are each = = ©, we ſhall have PA * Q 
| BA x BE  QX AD x BC xDE | 


XB + 5 BE. 


CoR ol. 2. If FB, CH and AD are each = o, the general equation 
will contract into AB N P= ACXQ; or P: Q.: AC: AB, A in this 
caſe being the center of motion. 


Coxo l. 3. If, from the center of motion D, we let fall DL perpen- 
dicular upon BK, and DN NM. upon IC produced, then will P 
x DL=Qx DN; whence P: Q:: DL. 


Before we quit this ſubject of the lever, it may not be improper to take 
notice of one other property thereof, which is ſomewhat ſingular and ſur- 
riſing ; namely, That if a man, ſtanding in one ſcale of the common ba- 
ance, and counterpoiſed by a weight in the other, lays his hand to any part 


of the beam, and preſſes it upwards, he will thereby deſtroy the equili- 
brium, and make the ſcale wherein he ſtands to preponderate. 


Doctor Helſham, at page th 4 his Lectures in Natural Philoſophy, ac- 
ollowing manner: 


X | 


— — — _ 
, i — 
— — - — - 


— — 


— 2 — — — 6 
* - 


= = —— 
<< — — — 
——— — — a: 
* a —ů — 


Wn. 
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whatever force the hand preſſes upward, againſt the point H or K; with 


the ſame the hand, and conſequently the man's whole body, is preſſed 
downward; and therefore the ſcale D wherein he ſtands, bears the ſame 


preſſure from his feet, that the point H or K does from his hand: but the 


preſſure upon the ſcale D, may be looked upon as applied to the beam at 
the point A, from which the ſcale hangs; conſequently, the ſame force 


which preſſes up the point H or K, preſſes down the point A. Wherefore, 


putting F to denote that force, F x HC will expreſs the moment wherewith 
the arm AC is preſſed upward, when the hand is applied at H; and F x 


KC the moment wherewith the arm BC is preſſed upward, the hand being 
applied at K; and in both caſes, Fx AC will expreſs the moment where- 


with the arm AC is preſſed downward by means of the reaction: if there- 


fore the hand be applied at H, it is manifeſt, that as the arm AC is at one 


and the ſame time prefſed upward by a force, which is as F x HC, and 


downward by a force which is as the fame Fx AC, and as HC is ever leſs 


than AC, the arm AC muſt deſcend with the difference of thoſe forces; 
that is, with a force equal to F x AH, which is the diſtance of the hand 


from the point A. If the hand be applied at K, the arm CB is preſſed 
_ upward, and conſequently AC downward, with a force equal to Fx KC; 


and, upon account of the reaction, AC is likewife preſſed downward with 


a force equal to Fx AC, and therefore it muſt deſcend with a force equal 


to the ſum of thoſe two forces; that is, with a force equal to Fx AK, the 


diſtince of the hand from the poiat A. So that the ſcale D muſt prepon- 
derate, whether the hand be applied to that part of the beam, which lies 


on the ſame tide of the axis with the man, or to that which lies on the 
other fide; and if D be put to dennte the diſtance of that point to which 
the hand is applied from the point A, the force wherewith the preponde- 
rating ſcale deſcends, will be univerſally as Fx D; that is, as the force 


which the hand exerciſes againſt the beam, multiplied into the diſtance 


of the hand from the point A. And if the force wherewith the hand 
preſſes the beam be required, it may be diſcovered by throwing in as much 


weight into the ſcale E, as is ſufficient to balance the force of the hand, 


and to prevent the deſcent of the ſcale D: for putting W to denote that 


weight, its moment is as WX BC or AC, which being equal to Fx D, the 


AC =” 1 
moment of EF will be found equal to W X Y; that is, to the weight 


multiplied into half the length of the beam, and divided by the diſtance of 
the hand from A. For inſtance; If the balancing weight be twenty 


pounds, and the diſtance of the hand from A be to half the length of the 


beam, as one to two, the force wherewith the hand preſſes the beam, is 


equal to twenty pounds, multiplied by two, and divided by unity; that is, 


it is cqual to forty pounds. From what has been ſaid, it follows, that 


a, A RL” 


nn 
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when the hand is applied to that part of the beam, which lies on the ſame 
ſide of the axis with the man, the force of the hand upon the beam is 
greater than the weight which balances it in the ſcale E, and leſs than the 
ſame when the hand is applied to that part of the beam, which lies on the 
other ſide of the axis with reſpect to the man; for, in the firſt caſe, W x 


AC is greater than W, and in the latter leſs, inaſmuch as AC is in the 


D 
former caſe always greater, and in the latter leſs than D. 


Note, All that the Doctor has here advanced, eaſily follows from Corol. 1. 


to Problem XXV. 


In the Philoſophical Tranſactions, Ne. 407, Doctor De/aguliers's expli- 
cation of the above-mentioned property of the balance is as follows: 


- A T8 
COLT AO 


UT 


: 4's 


2 


Na 


f 
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AB is a balance, on which is ſuppoſed to hang at one end B, the ſcale 
E, with a man in it, who is counterpoiſed by the weight W, hanging at 
A, the other end of the balance. I ſay, that if ſuch a man with a cane, 
or any rigid ſtrait body, puſhes upwards againſt the beam, any where be- 
tween the points C and B (provided he does not puſh directly againſt B 
he will thereby make himſelf heavier, or overpoiſe the weight W, though 
the ſtop G G hinders the ſcale E from being thruſt outwards from C to- 
wards GG. I fay likewiſe, that if the ſcale and man ſhould hang from D, 
the man by puſhing upwards againſt B, or any where between B and D 


(provided he does not puſh directly againſt D) will make himſelf lighter, 


or be overpoiſed by the weight W, which did before only counterpoiſe the 
weight of his body and the ſcale, 
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If the common center of gravity of the ſcale E, and the man ſuppoſed 
to ſtand in it be at &; and the man, by thruſting againſt any part of the 
beam, cauſe the ſcale to move outwards, ſo as to carry the ſaid common 


center of gravity to kx; then, inſtead of BE, LI will become the line of di- 


rect ion of the compound weight, whoſe action will be increaſed in the ratio 
of LC to BC. This is what has been explained by ſeveral writers of me- 


chanics, but no one, that I know of, has conſidered the caſe when the ſcale is 


kept from flying out, as here by the poſt GG, which keeps it in its place, as if 
the ſtrings of the ſcale were become inflexible. Now to explain this caſe, let 
us ſuppoſe the length BD of half of the brachium BC to be equal to three 
feet, the line BE. to four feet, the line ED of five feet, to be the direction 
in which the man puſhes; DF and FE to be reſpectively equal and parallel 
to BE and BD; and the whole or abſolute force with which the man pulhes, 
equal to {or able to raiſe) ten ſtone. Let the oblique force ED (= 10 ſtone) 


be reſolved into the two EF and EB (or its equal FD) whoſe directions are 
at right angles to each other, and whole reſpective quantities (or intenſities) 


are as 6 and 8; becauſe EF and BE. are in that proportion to each other, 
and to ED. Now ſince EF is parallel to BDCA, the beam, it does no way 


affect the beam to move it upwards; and therefore there is only the force 


repreſented by FD, or eight ſtone, to puſh the beam upwards at D. For 
the ſame reaſon, and becauſe action and reaction ate equal, the ſcale will 
be puſhed down at E, with the force of eight ſtone alſo. Now fince the 


' force at E, pulls the beam perpendicularly downwards from the point B, 
diſtant from C the whole length of the brachium BC, its action down- 


wards will not be diminiſhed, but may be expreſſed by 8 x BC; whereas 
the action upwards againſt D will be half loſt, by reaſon of the diminiſhed 


C 
diſtance from the center, and is oaly to be expreſſed by 8 x = z and when 


the action upwards to raiſe the beam, is ſubtracted from the action down- 


wards to depreſs it, there will ſtill remain four ſtone to puſh down the ſcale; 
becauſe 8 x BC— 8 x = = 4BC; conſequently, a weight of four ſtone 


muſt be added at the end A, to reſtore the equilibrium. Therefore a man, 
&c. puſhing upwards under the beam, between B and D, becomes heavier, 
Q. ED. On the contrary ; If the ſcale ſhould hang at F, from the point 
D, only three feet from the center of motion C, and a poſt g g hinders 
the ſcale from being puſhed inwards towards C; then if a man in this 
ſcale F, puſhes obliquely againſt B with the oblique force above-mentioned, 
the whole force, for the reaſons before given (in refolving the oblique force 
into two others, acting in lines perpendicular to each other) will be reduced 


to eight ſtone, which puſhes the beam directly down at D towards F. But 


as CD is only equal to half of CB, the force at D, compared with that 4 
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B, loſes half its action, and therefore can only take off the force of four 
ſtone from the puſh upwards at B; and conſequently the weight W at A 
will preponderate, unleſs an additional weight of four ſtone be hanged 
at B. Therefore a man, &c. puſhing upwards under the beam, between B and 
D, becomes lighter, | 


Scbol. 1. Hence, knowing the abſolute force of the man that puſhes up- 
wards (that is, the whole oblique force) the place of the point of truſion D, 
and the angle made by the direction of the force, with a perpendicular to 
the beam at the ſame point; we may have a general rule to know what 
force is added to the end of the beam B, in any inclination of the direc- 
tion of the force or place of the point D. | 


Ru l E for the firſt caſe. Firſt find the perpendicular force by the fol- 
| lowing analogy, whoſe demonſtration is known to all that underſtand the 
application of oblique forces. 
As the radius: 
To the right ſine of the angle of inclination : : 
So is the oblique force: 
To the perpendicular force. 


Then the perpendicular force being multiplied in the length of the bra- 
chium BC, minus the ſaid force, multiplied into the diſtance DC, will give 
the value of the additional force at B, or of the weight required to reſtore 
the equilibrium at A. * 


Or to expreſs it in the algebraical way. Let of expreſs the oblique 

force, pf the perpendicular force, and x the force required, or value of the 

additional weight at A, to reſtore the equilibrium. 
1 85 DE: DF: : of : of | 

P., X BC — pfxDC=vx. 


The fame rule will ſerve for the ſecond caſe, if the quantity found be 
made negative, and the additional weight ſuſpended at B. Or, having 
found the value of the perpendicular force, the equation will ſtand thus— 
pf xBC+pfxDC=—x; and conſequently the additional weight muſt 
| be hanged at B, becauſe — x at A is the ſame as +x at B. 8 

Scbol. 2. Hence it follows alſo, that if, in the firſt caſe, the point of 
truſion be taken at C, the force at B, (or force whoſe value is required) 


will be the whole perpendicular force; becauſe CD is equal to nothing. 
And if the point D be taken beyond C towards A, the perpendicular force 


Y 
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if | puſhing upwards at that point, multiplied into DC, muſt be added to the 
it fame force, multiplied into B C; that is, pf x BC f x DC x. 


| 
" 
. n * 1 
i 
i 
i 


* 
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PROBLEM XXXIV. 


Ex ADB be an inflexible rod or lever, wheſe center of motion is D; 

ILL to the extremities A and B of this lever, ſuppoſe the weights P and 

[ © freely ſuſpended ; and from a given point E in AB, let a weight M act 

i in the direction EF, by means of a ſtring faſtened at E, and paſſing over 
| a ſmall pulley fixed in the point F; it is required to find the poſition of 
k the lever, when the weights are ſuſtained in-equilibrio. 


1 SOLUTION. H 


Imagine AB the required ſituation 
of the rod. Through any point above 
F, as O, draw SOR parallel to the 
horizon; draw alſo to SR, from the H 
points A, D, F and B, the perpend- _| 
culars AS, DT, FO and BR. From 
'D, E and B, draw DC, EH and BK, 
parallel to SOR. Put AD S a, DE 
Sa ER, DI=4a OF =0 
TO=f 414 Tr =, a ＋ = p, 
L., I and m for the reſpective lengths 
of the ſtrings AP, EFM and BQ, 
ST SCD S x; then, AS = Va*—x? 


+2, AK {I — 5 BR=z+ v COP ine SES : 


Sa 1 
2 HE, whence AH = F 72. — z conſequently LE = _ 


i x | | - 30 gy Rð La! _ 
K x —f, and FL = Va'—x)+ g — e 2 —— 4, therefore FE 


perpendicular diſtance of the common center of gravity of the three 
weights P, M and Q from the horizontal line SR, will be expreſſed by 
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PxL+PxV/#—x" +Pxg+QxV/#—x"+Qx —Q Ln r 
Res | PXQ+M 
4 *I EM i r +g—e + —x—f 


P+Q+M 1 Re OM 
which being put into fluxions, made equal to nothing, and the equation 


PI CD CD DB 
thence ariſing properly reduced, will give P IT —QX N 45 
— Un FL xAE* xCD _. LE xx DE 


FExX AC FE ITH IAB. * M- FE x aD x M. 


Conor. 1. When ADB obtains a direction parallel to the horizos, 

Ad will coincide with CD, AC, AH and AK will entirely vaniſh, and 
| LE x DI] 3 

the general equation become M x — = Qx DB—P x AD, 


CoroL. 2. If M = ©, we ſhall have Q x DB =Px AD, whence 
Q: P:: AD: DB. By the firſt corollary it appears, that Px AD+ M 


* DE x FEE =Q x DB; and hence we have an eaſy method (deduced 


from our principles) of determining what Doctor Deſaguliers has propoſed 
in the firſt ſcholium to the preceding diſcourſe, viz. to find what force is to 

be added to the end of the beam B, (lee page 79) in any inclination of the 
direction of the force or place of the point D, to reſtore the equilibrium. 
For FE : EL (in the laſt figure) or radius: fin < EFL:: MI DE: the 
quantity required, which muſt be added to the momentum of P, to reſtore 
the former momentum of Q. 


— — 


P R OB L E M XXXV. 


1 the ſolid and inflexible ſides of the parallelogram FEC DF be 
ſuppoſed moveable about its angular points F, E, C, D, and the op- 
polite ſides E C, F D, alſo moveable about two pins, fixed at G and H in 
the vertical line 18. At right angles to the ſides FE and DC of this pa- 
.rallelogram, two croſs pieces, as QV, TZ, (which are here confidered as 
inflexible rods of equal lengths and weights) are faſtened. Let now two 
weights B and A be freely ſuſpended from the points Q and Z; it is re- 
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to M, R and N. From F, draw FS 
GE =a HD = GC = 3, FK = c, 


2, equal to r and s reſpectively, and 


5 _—_ LOL — 
3 _ *. 
8 
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quired to find the poſition of the ſaid parallelogram, whoſe ſides EF and 
DC, do, by the motion thereof, aſcend or deſcend in directions perpendi- 
cular to the horizon, when thoſe weights A and B are a juſt counterpoiſe 


to each other. 


SOLUTION. 


Imagine the poſition in the figure 
to be the required one. Draw a right 
line parallel to the horizon above EC, 
as MN; produce BQ, HG and AZ, 


perpendicular to HG; and put HF = 
DL = d, HR = p, the ſtrings QB, 


x for the ſine of the angle HFS, ra- 1 8 
dius = 1; then will HS =ax, and TT 


_ conſequently BM =p —ax—c rr, and AN =p + bx—d +5; there- 


pþB—Bax—Bce+Br+pA+bAx—Ad+As 


fore, by Lemma I, A +B | | 


expreſſes the perpendicular diſtance of the common center of gravity of 


the weights A, B, from the horizontal line MR N, which muſt be the 
greateſt poſſible z and therefore its fluxion, viz. — Bax +b Ax S o, hence 
B. = UA, orB:A:t:#:6< 


From this inveſtigation it appears, that, provided the weights are reci- 
procally as the diſtances of the points F and D from the axis of motion, 
an equilibrium will enſue, be thoſe weights ſuſpended from any points at 
pleaſure in the croſs pieces QV, TZ. Nor will the equilibrium fo ob- 
rained be at all affected by the poſition of the parallelogram ECDFE ; 
for in the equation which reſults from the above expreſſion, being put 
into fluxions, and made equal to nothing, the quantities p, 5, c, r, d 
and x, have no place; and conſequently the weights will, if once in 


equilibrio, conſtantly remain fo, Jet thoſe quantities p, s, e, &c. be what 


they will. 


The machine deſcribed in this problem, is ſaid to have been the in- 


vention of M. Roberval : and the ſurpriſing property of it, which we 


have juſt now inveſtigated by an eaſy proceſs deduced from our general 
principle, was many years ſince demonſtrated by M. Parent, in the third 
volume of his Eſais & Reſcherches de Mathematique, and of which the fol- 
lowing is an exact tranſlation : . 
„ This 
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« This machine is a parallelogram CEF D, whoſe ſides are folid and 
' moveable about the angular points. It is faſtened by two points G and H., 
taken upon the ſides CE, DF, at equal diſtances from CD, EF, and in 
the vertical rod G HI; about which, by means of two pins faſtened in G 
and H, it freely turns. The tranſverſe pieces ZT, V are fixed to the 
ſides CD, EF, in the points L and M. Theſe tranſverſe pieces may be of 
any length at pleaſure, but their weights muſt be in the reciprocal ratio of 
the diſtances GX, GS, of thoſe ſides CD, EF. The property of this ad- 
mirable balance is ſuch, that if two weights A, B, are freely ſulpended from 
the tranſverſe pieces ZT, VQ, in any points thereof, they will remain in 
equilibrio, provided thoſe weights are reciprecally as the ſaid diſtances 

GS, GX. | | 


It is evident, that if the pa- 
rallelogram CEFD be turned 
about the fixed points H, G, 
the weight A will aſcend or de- 
ſcend, juſt in the ſame manner 
as it would if faſtened to either 
of the ſides CD, EF of the pa- 
rallelogram; for, by the con- 
ſtruction of this machine, thoſe 
ſides muſt aſcend or deſcend ver- 
tically, in the ſame manner with 
the tranſverſe beams ZT, VQ; 
and therefore if we imagine the — _ 
weights A, B, faſtened upon CD, EF, reſpectively as in L, M, their 
aſcents or deſcents made in the ſame time, will be conſtantly in the ratio of 
the diſtances GS, GX, of thoſe ſides from the axis GH, or reciprocally 
as the weights. This being premiſed, let us ſuppoſe the weight A (for 
example) faſtened upon CD at the point L, ro be a juſt counterpoiſe to 
the weight D, ſuſpended from any point Q in PB. In a ſtate of reſt, the 
weight B endeavours to turn the ſide E F, from E towards H, and is hin- 
dered therefrom by the pins E F, about which the ſides of the parallelo- 
gram move; the pin E keeps the point E from moving in the direction 
FP, and the other pin F keeps the point F from moving in the direction 
FP, which cuts NEP in P. With regard to the weight A, we may con- 
ſider one part thereof as ſuſpended in C, and the remaining part in D. 
We have now the two levers CGE, DH F, whole centers of motion are 
S and H, each being charged with a part of the weight A in CD; the 

_ firſt by means of a power or force derived from B, which draws the point 
E according to the direction NE P; and the ſecond by means of ano» 


2 
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ther force derived alſo from B, which puſhes the point F, according to the 
direction PO, in ſuch manner, that, drawing the perpendiculars G N, 
HO, to NE and GFP reſpectively, and the perpendicular IIR upon 
CD, the force acting in the direction EP, being multiplied by GN, muſt 
be equal to the firſt part of the divided force or weight A, multiplied by 
(GS; and, at the fame time, the force acting in the direction “ F, multi- 


plied by HO, muſt be equal to the other part of A, multiplied by H R. 


Moreover, as the weight B makes an cquilibrium with the two reſiſtances 
in E and F, the firſt of which acts in the direction I, and the ſecond re- 


acts in the direction EP, it is manifeſt, that the three directions PE, PF, 


B, will interſect each other in one and the fame point P upon QB; and 
that EF, being parallel to Q3, the three ſides of the triangle EFP will de- 
note the three powers; that is, EF will repreſent the weight B. EP the 
reſiſtance of E, and FP that of F. But as the directions PE, PF, are un- 
known, it is evident we may take P upon QB at pleaſure; from whence to 


draw PE, PF, and that always the product of PE by GN, ſhall be equal 


to that of one part of A by GS (EF always repreſenting B) ard at the 


ſame time the product of PF by HO, ſhall likewiſe be equal to the re- 
maining part of A, multiplied by HR. 


It remains now to prove, that when theſe conditions take place, the 
weight B will be to the weight A reciprocally, as SG : GK, the ſame as 


it the weight Þ was faſtened upon EF; or that B, multiplied by GX, ſhai! 


give the ſame momentum as A, multiplied by SG; or taking EF in the 
room of B, and the two products of PE, by GN, and PE by HO, inſtead 
of the ſingle product ot A by SG (which was proved to be equal to the 
other two products taken together) the product of EF by GX is always 
equal to the ſum of the products of EF by GN, and PF x HO; or draw- 
ing the right lines G, HP, cutting EF in Wand E, we muit prove, 


that the triangle GEF is always equal to the ſum of the two triangles 


GEP, H PE. In order to do this, draw the right lines GF, GE, and 
produce PM, PO, to meet HG and GH in Y and K. The triangles 


GFA, HI E, are equal, being upon the ſame baſe, and between the 


{ame parallels; from the triangle GEF, take the triangles GEW, GFE, 
or HE, arid it remains only to prove, that the triangle GWZ is al- 
ways equal to the ſum of the triangles EDW and FP/E; or, which 
comes to the ſame thing, that FW +EF: W:: GX: MQ. which 
may be ſhewa thus : Becauſe EF is parallel to VK, we have TK: EF 


2: YP: EP, therefore YK — EF: EF: EY: EP :: GX © MQ, and 


conſequently EW + F: WE: GX: MQ it is therefore evident, 
that B is to L, when in equilibrio, as GS to GX reciprocally, in the 
fame manner as if the weight B were ſuſpended at E; it alſo follows 
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center of gravity of bodies, ſo conſtantly applied to the ſolutions of the Va- 


the middle points K, M, O, Q and the given weights of AC, CD, _ 


AG, draw CR parallel to AG. Pur kee Wy 
= TDZ AE =», Al =x, and 1 | D 
W tor the weight of AC or HQ, for A A 
the weight of CD or DH; then IK = CRY Fe 11 

| ie 1 — 2 * n 


| = CR, and Via —— = DR, 


expreſſes the diſtance of the common center of gravity of all the beams 
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from hence, that the weight B, being ſuſpended from any point in V Q, 
taken at pleaſure, will be a juſt counterpoile to the other weight A.“ 


Notwithſtanding M. Parent has in the inveſtigation before us clearly de- 
duced the propoſed property of Roberval's balance, by the application of 
the method of dividing forces; yet the whole proceſs appears much inferior 
to the ſolution we have given by that general property of the common 


rious problems contained in this treatiſc. 


PROBLEM XXXVI. 


IR OM the given points A, ith in the horizontal line AG, let four 

beams AC, CD, DH and HG, 23 together at C, D, EI, and 
moveable about the points A, C, D, H, G, be fuſpend- d. Ir is required 
to determine the poſition in which thoſe beams will be ſuſtained at reſt, 
ſuppoſing they are of an equal and given length, their centers of gravity in 


tively equal to thoſe of GH and HD. 


SOL UT ION. 


Suppoſe ACDHG the required ' poſition. From the points K, C, 
M, D, Sc. draw KI, CB, ML, DE; 


and perpendicular to the horizontal line AT7B LF 6 


8 8 oo, 
whence 2 V e + VF = ED, . — 2 * — 


— = ML; 5 conſequently 2W XV a —x*)+ Lat 2 2 2⁰ 2 bene me 


from the horizontal line A G, which muſt be a maximum; therefore 
n—x X 2.x 


— XX 
2 W x = | 
TS + 40 x n+ Xx >= o; hence 
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1 we get WX N + 20 N HS * PR: or W ＋ 2 * = 


It CR 
{| X PN 


If the points A, C, D, H, G, are in the periphery of a ſemicircle, then 
AE = ED; and becauſe AC = CD, by the problem, the angle AEC 3 
| will be 45 degrees; conſequently the angle ACB 229. 30, and CDR 4 


| 672. 30'; 5 and SR are the tangents of the angles ACB, CDR, re- 


| ſpectively, radius being unity; hence W 2w x tangent of 22. 30. = w | 
. x tangent of 67. 30; that is, W 2w & 4142135 = W x 24142125, | 
11 and therefore W = X 3,82. [ 
Let the points A, C, D, H, G, be ſituated in the periphery of a ſemi- 
1 ellipſie, whoſe tranſverſe diameter is AG; ſemiconjugate diameter ED, to 
191 determine the ratio of W to w. Put AE , ED c, EB=CR=x;, 


; cc — cc — — 
then will BCz = * ux, and AC; 77 * Hex + t—x*; but x- 


2 


| ER 
+ — - Xv/F—x = CD* = AC}, therefore x*+ 6 — _ WiE—2 


. 10.45 
„wherein m = . 
12 +I N 


— Dn n th—m* mn 
. 21 + 1 * + 1 
| | : 


and = 2 Let this value of x be ſubſtituted in the equation W+2 w 


2224 * 


* N= e nn e ſame with 2 


* 8 = wW * 1 and thence the ratio of W to w may be determined 


in terms of f and c. Suppoſe, for example, t = 2 c, then will x = 
1,157 Nc, and therefore W+ 2w X 1,308 = w X 3.2543 hence W 
= ,48 W. | 
Let us now ſuppoſe the points A, C, D, H, G, ſituated in the arch of 
the common or conic parabola, whoſe axis is ED, correſponding ordinate 
AG, and parameter p. Put AE = EG Sa, ED = , EB=x, then 
| | 22— & * | 


= TC. 


AB X BG =a*—x*; and, by the property of the curve, 


p 
RD = b— =; and becauſe AC = CD by the problem, we ſhall 


have 


* 
+ 
: 
\ 
N 
: 
5 


have this equation, a — & + 
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| * = -: * 
| LAG be ed at 
perly reduced, gives * = a Na b 27 an 21. 


tion, W + 2 w x > = W X 52. we ſubſtitute for AB, CB, CR and 
DR, their reſpective values, in terms of a, 5, p and x, there will reſult 
Wx =aw—xw; and again, for x in this equation, ſubſtitute the above 


Af——_x* 


; which, pro- 


If in the general equa- 


| | | \ > ot CS. > * 8 | 
found value thereof, and we ſhall have L. X V24* b* + 26+ + a — a W 


2 b* 


z þ: 4444 2 q 3 — . | 
_ WHYX V 2a b zo +82 +a 4 or W x Na: bz + 24+ Ta 8 


—CW=>v+Evw—-vXxv2 ν uin from whence the ratio 
of W to ww may be aſcertained in terms of à and 5. 


Let a=6, then the laſt equation will become WY V =; = 


3 HW, whence W = , 618 Ww. 4 


——_— 


PROBLEM XXXVII. 


THER things remaining as in the laſt problem, let there be five 
equal and fimilar beams ſuſpended as before; to determine the poſi- 
tion in which they will be ſuſtained at reſt. 


SU LU T-I0 M,.- 


Let ACPNLI be the required poſition. Draw from the middle 
points K, E, O, of the beams AC, „n n ” 

CP, PN, the lines KT, ED and SBP S EF ES 
OF, each perpendicular to the hori- 

Zontal line Al; draw alſo CB and PS © [ 
parallel to DE, and CY to AI; let Y | 
W repreſent the weight of the beam 
AC, or its equal IL, w that of CP 
or NL, and « that of PN. Put AC 1 
„ . | 

AF = Fl = un, AS =m—d =n, AT = x; then AB = 2x, BC = 


2 VF VY=v ===) DE= === ro a=_, 
Aa 


go An ea INTRODUCTION # the 


and PS = + 2 Va'—x*.) Now by Lemma 1, the perpendi- 
cular diſtance of the common center of gravity of all the beams, from rhe 
horizontal line Al, will be expreſſed by — —— SD — 
For T K, DE, and SP, in this expreſſion, ſubſtitute their values as above 
found, we have 2 W＋ 4w+ 24 XxX VA. w+u VN — z a 
maximum, which being put into fluxions, and properly reduced, gives 


2 AB cy 
WW TA NC A px - 


If the points A, 8 P, N, L, I, are in the periphery of a ſemi- 
circle, whoſe diameter is Al, then the angle CAT will be 72 degrees, and 


C 
the angle CYP 54 degrees; therefore 70 and 8 are the tangents of 18 


and 54 degrees reſpectively, radius being unity; conſequently W 22 
* 3249166 = TA X 137638 19 and, by aſſuming the value of one of 
the quantities, the ratio of the other two may be determined. 


PROBLEM XXXVII. 
UPPOSE eight equal and fimilar beams are ſuſpended after the 
manner deſcribed in the two preceding problems, and ABCDENA 


to repreſent one half of the figure they will form when in the required po- 
ſition, and which we are now to determine. „„ 


SOLUTION. 


Let the middle points O, P, Q, R, SFGH | KR IT N 
be the centers of gravity of the beams \ : PE 
O 


AB, BC, CD, DE; and alſo let thoſe 
letters repreſent their weights reſpec- 2 
tively. Draw OF, BG, PH, Cc. per- ER 8 
pendicular to the horizontal line AN; ; 
and BS, CW, DT, parallel to it. P 
Now it is evident, by Lemma 1, that 
2FOxXO+2HPx P-+2KQxQ+2MRxR Q 1 — 
> R g 
20+2P +2Q+2R 
is the perpendicular diſtance of the common center of gravity of the eight 
beams, from the horizontal line AN; therefore the numerator of this 
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fraction, or, which comes to the ſame thing, Ob x BG+P+O x CI 
+Q+R x LD+NE R, muſt be the greateſt poſſible. This being pre- 
miſed, put AN n, AB=zBC=CD=DE=4, AGg x, GI =», 
IL=z; then BG = Ve Cl= Vd. Vi-, DLS VA = 
z, and EN = N = + IO + Va: —2? 
+ Viz); therefore G X Va —x* +P+Q x 

| = Ve + Q+R Xx ViF=x"+ Vir" R 
X Ja. V + Vd'i—2"+ N — a maximum. 
In fluxions with x only flowing the reſt conſtant gives, when properly re- 


AG AG AG AG 
duced, O+P X po FN BG + Q#R * BG +R * 3G = 


Dr AG | 
Rx EJ co O+2P+ 2Q+2R * RN 22 ; and by raking the 


fluxion of the expreſſion for the maximum, with x and z conſtant, we ſhall 


Gl _ Gl GI IN D 
have P+Q x Sc + Q+R X 56 +R X SIS pF XR, hence Err 


R= FE 2Q+2R *. and laſtly, by making 2 flow, the fluxion of 


the ſaid expreſſion will, after due reduction being made, give 1 2 


IL IL CW. DT 
R, BW + R x PW whence TR PW = ET XR 
From theſe three . VIZ, 


OF2P+ 20 +2R x B 75 


m—— 4 
P+2Q+2R x & 


1 CW 
Q+2R Xx DW 


by aſſuming the value of R, the values of Q, P and O, may be eaſily 
determined; and hence the law of continuation, by which the ratio * 
the weights may be found, becomes manifeſt, let the number of beams 
ſuſpended between the points A and E, be what they will : for ſuppoſe 


O,P,Q,R, S, T, U, &c. repreſent the — weights, placed at the 
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middle points O, P, Q, R, Sc. of the beams, the general equations will 
then be 


AG O+2P+2Q+2R+2S, Cc. 
==. | 


BS X * P+2Q+2R+25s, Sc. 


—— DT 

CS _ = FF * S, Se 
CW + N Q+2R+25S, &c. 1 
DW * 2 


Se. Se. Se. 


If the points A, B, C, D and E, are placed in the arch of a circle; that 
is, if AN (= NE) is the radius of a circle, whoſe periphery paſſes through 


the points B, C, D; then, by the property of that curve, the angle ABG 


will be 112. 15, BCS will be 33. 45', CDW 565. 15, and DET 78. 45, 
whence the ratio of O to P, P to Q &c. may be eaſily determined. 


hs At. ti — hs. .4 : ; a * — — ——_ 4 a —— 


P R O B L E M XXXIX. 
IL. other things remaining as in the laſt problem, let the weights 
s O, P, Q and R, be placed at the angular points B, C, D and E, in- 


ſtead of the centers of gravity O, P, Q, Sc. of the beams, which are here 
conſidered only as ſtrings that ſerve to keep the weights in equilibrio; it is 


required to find the poſition of thoſe weights, when ſuſtained at reſt or in 
equilibrio among themſelves. 0 | * 


SOLUTION. 


It is evident by Lemma 1, that 202 PT ZOTR 


is the perpendicular diſtance of the common center of gravity of all the 


weights from the horizontal line AN. Subſtitute, as before, for BG, IC, 

Sc. and we ſhall have 2 OX VA. ＋ 2 PJ VIP 

＋ 2 N = +2Q x VIF—5*+ 2Qx Vi'—2+RxXVd—" 

+R x V#F—y R V = R V- e A, which muſt 

be a maximum. In fluxions, with y and 2 conſtant, gives 20+2P+2Q+R 
AG DT 


* FG = ET R; and by taking the fluxion of the ſame expreſſion, with x 


and 


2BGx O+2ICx P+2LDX Q+NEXR 


. 2 * a4 0 


Aye * 4 : 


1 — „ — 
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and 2 conſtant, we ſhall have 2Q+ Px R = TY XR; and laſtly, 


by * z flow, we ſhall have 2Q+R x So = = =p * R; hence 2 
:R : : tan < DET tan < CDW : tan < CDW, and 2P:: 2Q+ R 
: tan < CDW— tan < BCS: tan < BCS; alſo 20 : 2P+2Q#R:: 
an EN n < ABG: tan S ABG. 


If the points A, B, C, D and E, are  fituated in an ch of a WRAY whoſe 
radius is AN (= NE) then the general equations will become 


207 2P+ 2Q+R x 1989122 
2Þ+ 2Q+R Xx „6681786 
2Q+R X 1,4966057 


whence we get Q RN 1,142447. P=R x 2163003. 


= R „ 50273394. 


By the 3 g general equations, viz, 


AG 5 
OFFER X BG | 


BS 
2ÞP +2 NH R NS 


— CY 
RX DW 

DT DW „ 
the ratio of O, P, Q, R, may be determined, for 20. RETN CW * R; 


BS DT „ 
therefore 2P-+ ET & C X xR S = ETX. hence 2 P Rx BS * 


48 
Ml 2 
0 


DT DT DW q a CDT DT. DW DT DW 
ET ET“ CW. and 20+R Xp XEF—FEFXCw TX Er“ TW 


A | 
* 58 = 2 x R; from hence we get the following ratios, 2 Q.: R: 


T CW: CU DW 
os. PW PW or, which is the ſame thing, 2 Q.: R: 228 
ET ET nw ET BG SC ET. 


neee 
Bb 
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Therefore if at the points D, C, B, c. perpendiculars be erected to DC, 
CB, Sc. reſpectively; the weights to be placed at thoſe points, in order 
to preſerve the equilibrium, will be directly as the difference of the tan- 
gents of the angles which thoſe perpendiculars make with the line EN. 
For ſuppoſe DN and CX drawn perpendicular to ED and DC reſpec- 


tively, then becauſe 2 0: R:: N — Ir 5 Ur- 2Q:R:: mn 
2 DCW - tan g EDT: tan <q EDT, radius being unity; but 
< DCW = S CXE, and <q EDT = <! DNE; and fince this holds 
equally true of the ratio of the other weights, as of 2P to R, or of 20 
to R, Sc. it follows, that the weights are as the difference of the tangents 
of the angle*, which the correſponding perpendiculars make with the axis 
of the figure. 


In this and the three preceding problems, it will make no manner 
of alteration in their ſolutions, if the beams, inſtead of being ſuſpended, 


were to ſupport themſelves in a vertical poſition, by means of the 
weights, placed at their centers of gravity, above the horizontal line; 


or, which is the ſame thing, if the figures were inverted and placed in 
a plane perpendicular to the horizon, becauſe the expreſſion for the maxi- 
mum in one caſe, and the minimum in the other, will be exactly the 


PROML M3. 


HE ftring PAH GFE ſlides freely over two ſmall pullies, placed 

at the points A, E, in the horizontal line AE; at the middle point 
G, between the equal weights P, P, (which are appended to the ends of the 
ſtrings) a given weight 2W is faſtened ; and at H and F, equidiſtant from 
G, are allo faſtened the equal weights , W. It is required to find the po- 
ſition of the ſtring, when the weights P, P, ſuſtain in equilibrio the other 
weights w, 2W, . 

SOLUTION. 

Suppoſe it Lone, and A HGFE the 
firuation required. Draw BH, GC, FD, 
perpendiculars to AE, and HK parallel to 
AE. Pm HG = GF=m AC= 2, 
for the length of each of the equal ſtrings 
HAP, FEP, AB = x, AH a2; then, 
by Lemma 1, the perpendicular diſtance of 


A: = C 3 . 


| 


ry — e 
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the common center of gravity of all the weights from the horizontal line 
AE, will be 27 P—2Pz+ 2w Vz Yn + Ur , 
2ÞP +2w+2W 

this expreſſion being put ws 1 with x conſtant, gives — 2 P 2+ 2 


Xx == +2W x = So, whence Px BH N AH. 


Let the ſame expreſſion be again put into fluxions, with z conſtant, and we 
n * —XX 


XX 
ak 0 —W Ware 2 8 
N Hall have W X r r- + * %. — = o, whence we 


AB - BC BC AB 
get 7 + W * BI = W x GK? therefore w+W: W : GK BAY. 


*w+W: W: . A But tan 2 HK: 


* AHB :: g- Uri s z HAB whence it OR + nat w 


W: W:: tan = HAB: tan <5} GHK, and conſequently a 2 » 
ran < HAB—tan < GHK : tan < GHK. 


—— — n 


PROBLEM XII. 
THER things remaining as in the laſt problem, let five weights 


be ſuſtained in equilibrio, - by means of the equal weights Þ, P, 


to determine their poſition when counterpoiſed by the weights , 1, 
2 W, &c. 


$OLUTION 


Draw as en HB, IL, GC, Se. perpendiculars to the horizontal 
line AE, and HT, I K, parallel to it. hey TT 
HI=1G=GS=SF=m, AC , AB L C M DF. 
for the length of each ſtring HA, FEP, | | 
AB=x, AH=z, BL=y; then LC 
DM K-), and BH = VNN - LI 
= V/E—x + Vir—y, CG=vVz—® 
+ n= + N. therefore 
the perpendicular diſtance of the common 
center of gravity of all he weights from the horizontal line AE, will, be 
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— IR 8 
2 K N + 2 N — + a m* — „* + 
2P +2u+2w+2 W 
— A -+ m*—y* T +2Px(= 
 2P+2W-+2u+2w 
put into fluxions with x and z conſtant gives, afrer due reduction, 0 ＋ W 
„HT K 1 


* r = WW x * R the ſame expreſſion being put into fluxions, with x 
ard y conſtant, produces this equation, P BH = 4+Fw+W x AH; and 


laſtly, by making x flow, we ſhall have u+w+W X yy = = GX W. 


Lemma 1, be expreſſed by 


which being 


Hence the law of continuation becomes known, let the number of weights 
ſuſpended (under the conditions mentioned in the problem) between the 
points A and G, be what they will. 


Conor. 1. The fam of all the weights ſuſpended between the points 
A and E, over which the threads or ſtrings freely ſlide, is to the two ſuſ- 
taining weights 2 P, as the ſine of the angle which the ſtring makes with 
the horizontal line AE to radius; and conſequently the ſum of thoſe weights 

is as the ſecant of the angle, which that line makes with AP, a perperdi- 
cular to the horizon. | 


IK AB 


: ſec < AHB. 


WV : W : : tan 2 KGI 


Cox ol. 3. If a curve ADH of any kind (having its curvature on 
each fide the axis DO exactly alike) 
be ſuſtained in equilibrio by means of 5 
weights B, C, D, Ec. placed thereon : 
at the points B, C, D, &c. indefinitely 
near each other, any one of thoſe weights, 
as E, will be directly as the difference 
of the tangents of the angles, which 
the radii of curvature drawn from thoſe 
points, make with the axis of the 
figure; for, by the foregoing general 


| equation, dix. W D + W * Tr = W 0 49 


X 4 we have w:W: tan a < mr tan 2 GIK : tan < GIK, | but 


.H, 
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u: W:: tan <| HAB tan IHT : tan A GIK; therefore if W, and 

the tangent of GIK are ſuppoſed conſtantly to remain the ſame, then w will 

be as tan | IHT— tan A GIK, and « will be as tan < HAB— tan 

< IHT; and conſequently in the above figure, the weight B is equal to 

- the difference of the tangents of the angles BSD, CRD, multiplied by a 
conſtant (given) quantity. 


Conor. 4. The principal property of the catenarian curve may frem 
hence be eaſily derived. Let the given weights be equal to each other, and 


| ſuppoſe = a conſtant quantity, as it really will be, at the vertex G of the 
figure (the laſt but one). If now we put ] for 2, the number of weights or 
length of the ſtring GI H, à for the conſtant quantity 8 W, x for the | 
fluxion of any abſciſſa or variable part of GC, y for that of its correſpond- 
ing ordinate, we ſhall have (by the equation reſulting from the maximum 
in the problem) - . 7. and conſequently : *:: a: i, a well known pro- 
perty of the catenaria. 
The inveſtigation of this property of the catenaria was, many years fince, 
+" aq in the Philoſophical e by Doctor David Gregory, as 


« Let FAD be a catena, hanging Fo 
on the extremities F and D; the 4 3 of 
loweſt point of which (or the vertex NN 


of the curve) is A, the axis AB per- FO —. 5 ., Wn 
pendicular to the horizon, and the 4 
ordinate BD parallel to the fame; 1 / 

4 


we axe to find the relation between 
B or Ds, and 49, ſuppoſing the 


point & infinitely near to B, and 3d | 
parallel to BD, as alſo D to BA. : T 


From the principles of mechanics, it is plain, that three powers which 
are in equilibrio, are in proportion to one another as three right lines 
parallel to their reſpective directions (or inclined in any given angle to 
them) and terminated at their mutual interſe&ion ; and conſequently, if D d 
expounds the abſolute gravity of the particle D d (as it will be in a catena 
equally thick) then 49 will repreſent that part of the gravity which acts 


Cc 
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perpendicularly upon D d, and by which it comes to paſs, that 4D (being 
by the flexibility of the chain moveable about 4) endeavours to bring itſelf 
into a vertical polition. And therefore if 9d (or the fluxion of the ordi- 
nate BD) be conſtant, the action of the gravity exerted perpendicularly 
upon the correſpondent parts of the catena D 4, will alſo be conſtant, or 
every where the ſame. Let this action or force be expounded by 4. 


Farther, from the above cited propoſition in mechanics, D 9, or the 
fluxion of the axis AB, will expound the force to be exerted in the direction 
4D, which is equivalent to the former endeavour of DA (by which it tends 
to bring itſelf into a vertical poſition) and is ſufficient to hinder it. 


But this force ariſes from the linea gravis, DA pulling with the direction 
d D, and is conſequently (all the reſt continuing as before) proportional to 
that line DA. Therefore 9d, the fluxion of the ordinate, is to 9D, th 
fluxion of the abſciſſa, as the conſtant quantity a, to the curve DA, : 


If the right line DT rouches the catenaria, and meets the axis AB, pro- 
duced in I; then will DB: BT :: 44: D: :) 4: DA.“ 


Mr. Mac Laurin, at page 472 of his Fluxions, gives the following inveſ- 
tigation of this property of the catenaria: When two powers ſuſtain any 
body or figure that is ſuppoſed to gravitate, a right line from its center of 
gravity, perpendicular to the horizon, paſſes through the interſection of 
the right lines in which theſe powers act, which, with the gravity of the 
figure, are in the ſame ratio to one another, as any three right lines conſti- 
tuting a triangle, that are parallel to the reſpective directions of theſe powers. 
Hence the nature of the figure is diſcovered, which is aſſumed by a heavy 
chain or perfectly flexible line, that is ſuſpended from any two of its points. 
Let FEH be ſuch a line, F its loweſt moſt point, where the tangent FT is 
parallel to the horizon; ED an ordinate, from E 
to the horizontal line AD; ET the tangent at E, 1 11 
interſecting FT in T; and G, the center of gra- F | 
vity of the portion FE. F of the line or chain. 1 | 
Then the three powers are, the gravity of the, 7 A, | 
chain, which acts in the perpendicular to the ho- F ee 4 1 
rizon, and the powers at F and E, which retain 
thoſe extremities of the chain, by acting in the 
tangents FT and ET, and are equal to the ten- 
ſion of the chain at thoſe points. Therefore, 
by this principle, the perpendicular from G to 
the horizon paſſes through T; and if EI, pa- — 0 
rallel to AD or ET, meet TG in I, the weight 
of the part of the chain FE, will be to the tenſion of the chain at F, as 
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IT to EI, or as the fluxion of the ordinate DE, to the fluxion of the 
baſe AD; conſequently the tangent of the angle IET, in which the curve 
interſects a parallel to the horizon at any point E, is always as the weight 
of the portion FE of the chain at any point E, is to its tenſion at F, as ET 
to EI (by the ſame principles) or as the fluxion of the curve to the fluxioa 
| & the baſe, and is as the . of the angle IET or ETP.“ 


But to ſhew how this laſt mentioned property, vi. That the tenſion at 
any point E, is as the ſecant of the angle IET, may be deduced from our 


method of inveſtigation let the general equations, w +W x I = W x 


1K AB LK 
GR P x BH = w+u+W * AH, and rn BA = WN = Gr 


(ſee figure on page 95) be again reſumed, then by the firſt we have cw + W 
= 2 
HT“ K XW, and by the ſecond P x I = w+W 2 being = =} 


T 
whence P x 1 = . = xW; . P is as 1 Th e 


5 x W conſtant) that is, P or the force in I. is as the ſecant of the angle 


IHT. By the ſame way of reaſoning it will appear, that P, or the tenſion 
when z takes place, will be as the ſecant of the angle - HAB; for «+w+W 


BH | 
= EXE , and therefore P x 25 = W x — tence P is as . or 


the ſecant of the angle HAB, which ſhews that (in the laſt figure) the ten- 
Fon at E, is as the ſecant of the angle IET or ETP. 


No in order to determine the algebraical equation of the catenaria, let an 
equilateral hyperbola AH, whoſe ſemiaxis AC=, be deſcribed upon the per- 
pendicularAB, as an axis; as alſo upon the ſame axis and vertex, a parabola AP, 


whoſe parameter is quadruple the axis of the * then will BF, (mak- 
ing HF =AP) the 


the parabola, and 
the ordinate of the 
hyperbola ; for put | ED 
AB = x, then B5 IC 


ſemiordinate of the > 
catenaria, be equal „ E 
to the difference "ES NYT 
between the length e e 

AP of the curve of 
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X, and BH 2ax+x*, whence mh the fluxion of BH= = 


Again, ſince the parabola. AP has for i its parameter 8 a, BP will be equal to 


24 * 


Wax, whoſe fluxion « pis- Wherefore the fluxion of the curve 


2ax ) 


x  Vuartxx" 24x + xXx 
AP is 72 ＋ ** = L264 — =_ which is equal 2 


as appears by multiplying both numerator and denominator into W2a+x? 
And ſince HF is every where = AP, the fluxion of HF, that is, mb + sf 


2ax +xx ax + xXx 


1 | —= POT © 
will be >= But we have hitherto found m e , there- 


fore 5 F (the fluxion of BF) the ordinate in the catenaria, = = — 


24X +Xx* 
and conſequently the fluxion of the curve AF (that i is, Ff = VF TF 


4 * xz ax + xXx | | 
a / e + #) is is — — ; the fluent of which was ſhewn but 


now to be W2ax+x*; 2 | ker AF= 54 2ax+x* And it is plain, 
that the fluxion of the ordinate BF, or = „ is to X, the fluxion of 


the abſciſſa A B, as the conſtant quantity a, to = he curve AF, which was 


the property of the catenaria found above. If the ſemiordinate of the ca- 


tenaria be put equal to y, then —= =y; and by taking the fluent of 

each ſide the equation, we ſhall have ca x log. aa+ax +a N a == , 

which, when x = o, becomes 4 x log. aa; but then y = o allo, therefore a 

a+x+ 2ax+x) _ | 
a 


Let z be put for the age of the curve, then V 24x . 2, and con- 
ſequently x Na a. 


X log. aa+ax +8 V 2ax+x* Zar F- x log. aa, or a x log. 


| Thoſe who are deſirous of ſeeing the inveſtigation of other curious 
properties of the catenarian curve, will find them elegantly done by 
Doctor Gregory, in the ſecond volume of the Ad /cellanes Curioſa, pub- 
liſhed in the you 1708, 5 


PROBLEM 
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PROBLEM XLII. 


ET C, equidiſtant from the points A, B, be the fulcrum of the in- 

definite lever AC BE. From the point B, it is required to draw a 
curve BFS, ſuch that, having appended a given weight r, ar the end A 
of the lever, and drawn from any point in AE, as D, ar zht line D F per- 
pendicular to AE, and SRF a rangent to the curve in the point F; a 
weight Q, equal to the former weight P. reſting on the tangent RFS, as 
an inclined plane, and ſupported in a direction QO, parallel to this tan- 
gent, by means of a ſtring QO D, faſtenea to the point D, and weight Q, 
and pafng under a tmall pulley at the point O, ſhall be an exact counter- 
poiſe to the weight P. 


SOLUTI © N. 
It is evident, from the nature of the lever, that = *r * P, will _ 
the weight, which, 
being freely ſuſpend- A — a CR B. 2 D E 


ed from the point D, 
will keep P in equi- | 


librio. Now if we | 
imagine QOD to | 
 Nlide freely over the _ 
point D, and to its /_. 
end a weight append- (P) 
ed, which ſhall be 


juſt ſufficient to re- 
tain Q at reſt upon 


the inclined plane RF S; that weight, 2 the former which ork Pin 
equilibrio, viz. 85 x P, will be equal. This premiſed, put AC=CB= 
a4, BD =x, and DF = y; then the ſubtangent D R will be expreſſed by 
ba therefore RF = 5 * Vr By Problem III, we have RF: 


DF 
: Q: N * Q, the force whereby Q endeavours to deſcend along 


the inclined plane RS; but this force is alſo equal to => * P, therefore, 


(becauſe Q= P) N ES and RF : DF: : CD: AC; that is, 


D d 


PAD; then by the nature of the curve, we have 
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7 * 9: :: ar &: a, or xu*+9*: y 4 : : a, whence x* 
+ : i: , and hf? (4) :ü - H.:: 024 


+xx) : a+x', conſequently x : Vr : q *. a+x; mul- 


tiply extremes and means, we have ax+xx = Vx*+9' „5 V 24x r) 


ax + xXx Nr 5 
— * 3 | L 51 \ 
whence Vier +2" * ＋ * and by taking the fluent of each fide 


the equation, the length of the curve BF becomes equal to 2 ** and 


therefore the curve BFS is the catenaria. 


This curious problem I received from the authors of the late W 
Magazine, to whom it was ſent (in a letter ſigned George Lane); but as 
that work ſubſided before the receipt of Mr. Lane's Letter, it has obtained 
a place in this treatiſe. There is a problem ſimilar to this, propoſed by the 
younger Bernoulli, in the Journal des Scavant vol. xx. p. 280; : but no ſo- 
lution (till the above) was ever given to it, as I can find. 


A - — . . « = 9 1 2 * 


: — I 
—— — 1 2 


PROBLEM XLIII. 
ET the ak EB of the given parabola EBF, be produced to a cer- 
tain point A; over this point, by means of a {mall pulley, ſuppoſe a 
ſtring PAD (to whole ends the * P and D are faſtened) freely paſſes; 
it is required to find the poſition of the weights D and P, the former reſt- 


ing upon the curve of the parabola, and the latter freely I when 
they are a juſt counterpoiſe to each other. 


SOLUTION. 


Through the point A, draw a right line pa- 
rallel to the horizon; and let D be the point re- 
quired, in which D will be ſuſtained at reſt by 
means of the weight P. Draw DS parallel to 
the axis BE; and from D, draw the ordinate 
DC, and join the points D, A. Put AB = a, 
BC = x, CD=y, 27 for the latus reffum of 
the parabola, and / for the length of the ſtring 


2Þx = yy, whence AD Vapx＋ a) and 
APS - Vir. = but AC= x+4; and 
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conſequently, by Lemma 1, the perpendicular diſtance of the common center 
of 3 of the weights D, P, from the horizontal line AS, will be ex- 


_ preſſed by 1 e which muſt be the 


greateſt poſſible; Therefore Dx P _—_ , whence DX AD 
; ax 


PDP AC. 


PROBLEM XLIV. 


O find the nature of the extrados VP X of the propoſed circular 
arch Ad T, ſuch, that the parts thereof ſhall be in equilibrio by the 
weights of the vouſſoirs alone, without the help of any wall or counter- 
fort, provided only that the abutments be of ſufficient ſtrength to bear the 
weight of the whole arch. e b 


SOLUTION. 


Let B be the center of the circular arch Ad I, AB its vertical radius, 
BK the horizontal one, | 


at right angles to each n 

* and — gann 4 os "Þ 
(whoſe joints g d, mn, NN 3 —— 
being produced, would . 3 PP NN. 2 | 

paſs through the center | ". — "ts + 


B) one of the vouſſairs, 
whoſe extrados gn is re- 


quired. Produce BA to -M „ 
O, fo that the axis of 
the key-ſtone QP VZ IT B 


may be of the given 

length; draw an indefinite tangent, as CATX, to the point A, the vertex 
of the arch. From the points d, m, (ſuppoſed indefinitely near each other) 
let fall upon AB the perpendiculars d F, * E; and alſo 4G perpendicular 
to mE. On B, as center with the radius Bg, deſcribe the arch g, inter- 
ſecting BA in p; let R and T be the points in which the joints Bg, B a, 
interſect the horizontal line AT. The angles Fd B, ARB or ATB, are 
equal, becauſe of the parallels AR, F d, and the indefinitely ſmall arch d m. 
Now if 4B be taken for radius, BF will be the fine of the angle Bd F or 
BTA, and dm the fine of the angle dBm; therefore BF is to 4m, as BR 


= Bdm ( 


\ 
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to RT. Moreover, the angles Fd G, Bdm, being right ones, the tri- 
angles B Fd, mG d, will be ſimilar; Put AB S a, BF = u, FD =», 
46 =FE g u, Gm=y, Bg =s, and BO=f; then Fd: 4B: : 486 
dm, that is, y: :: ½: = = dm; and again, BF: Bd :: AB: BR, 
whence BR = -_ aſo BF: du:: BR: TR = It has in Corol. 3, 


Problem XLI, been proved, that if TR be multiplied by a conſtant 
quantity h, taken at pleaſure, the product will give the weight with which 
the vouſſoir d# muſt be charged, in order to preſerve the equilibrium of 


the arch. Now as the ſolid part of the arch is compriſed between two ver- 
tical planes, it is evident, that the faces of the vouſſoirs, which are the 


trapezia gdmn or gdmp, may ſerve to expound the weights of the voul- 
| | | | | 1 3 . | 
ſoirs, therefore g d imp will always be equal to 8 
the ſimilar ſectors B Am, Bg p, we have BZ (a) : By* — BY (55—aa): : 
28 4 —— — 7 e'. 
7 2 : dgpm (D x 2 hence 5*—a * 25 7 
243 5 | 


and $5—aa = , from whence we gets = —X 249 +u*;' this, 


But by reaſon of 


2 
2a 


when #« a, becomes f = 240 + aa, conſequently 5 = * Ja 


this value of 3 be ſubſtituted in the equation s = 55 Varus, it be- 


a — 3 3 
comes 5Z — Xx Vf f—a* +4* ; draw the ordinate gl to the axis OB, 


then will BI be a fourth proportional to Bd, BF, Bg, and is therefore 
equal to f*—a*+z*,) Hence this conſtruction: 


Take the key-ftone QPV ZQ at pleaſure, the lines VZ, PQ, tending 
to the center B. From A, draw the horizontal line CAT; and from the 
center B, with BO as radius, deſcribe the circular arch OC, meeting 
TAC in C; take any point at pleaſure, as d, upon the intrados, and make 
AH equal to the perpendicular diſtance of d from the radius BK. Draw 


CH, make BIS HC; and from I, draw Ig, meeting Bd produced 


in g, which will be one point in the required extrados; in the ſame manner 


other points may be found, by which the extrados Og X may be deter- 


mined, 


The 
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The ſame univerſaly. 


LetKdAZ be an arch of any kind, having its curvature on either fide 
the axis AB exactly alike; and from any point therein, as d, draw d M, 
the radius of curvature to that point; then other things remaining as be- 


dz dx AF d x Sd 
fore, we ſhall have m X = 2. and Rd = 2 F or = — . ; there- 


| RM 
fore dM: mX::: RM: TR, hence RT = 0 n 
M d, M pg, are ſimilar, and the area of Mad! is 2 N, conſe- 
M AN- xmd 


2 
quently the area of the trapezium mp gd or mng d, 18 equal 29729 


But TR X 5 (6 being a con- 
ſtant quantity) is always equal 
md X RM 
m G X dM 
md C Mg — NM. 
IM di- 
vide each ſide of the equation by 
md amd x RM 


- gdmp, that is, 


Xb = 


Now to expreſs this equation 1 
in algebraic terms, we have AB BI M 
S, Mr BF.= a, Fea | 
=», 4G = FE = i, 5 whence the radius of curvature Md = 
Ex Ft 


, as is proved by the writers on fluxions. The tri- 
angles 146, Rd S, (Gd being produced to to S) are ſimilar; therefore 
::: 422: 


22, Sc. per- 


may be conſider- 


OD EQ. be two 


106 Ai eh INTRODUCTION o 'the 


RM = Y mine ERNIE 1 
RM xmd _ a=ux# +5 +1: XJ: +3. hence ME 
m hs y* 4 


or 15 X y* 2 = 2 n _ 22 x y* + 4* 50 4 * +7 + - 


| which contracted becomes DR 4 +y* 


295 26 X * 4 25 
+ 4*, In this equation, for 5, , #, ſubſtitute their reſpective values, in 
terms of y and u, found by the nature of the propoſed arch, there will ariſe 


an equation free from fluxions, by help of which the figure of the extrados 
may be determined, 


M. Parent, in his Eſſais & Reſeberches de Mathenatg vol. 3d, gives 
the following theory of equilibrial arches : 


« Imagine the arch AMD 2 divided into ſmall parts by the ples 
MY, OYZ, | 


pendiculars to 
the curvature of 
the ſaid arch in 
thoſe points M, 
N, O, Sc. inde- 
finitely near each 
other; by which 
means the parts 
MO, OQ, of the 
arch AMD Q, 


ed as right lines. 
Let M B- D O, 


adjacent vout- 
ſoirs, whoſe com- 
mon joint pro- 
duced OD T Z 

reſents; let 

o the priſma- 
tic * TMO, 
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VOQ], be the charges of thoſe vouſſoirs, neceſſary to keep the parts in equili- 
brio. We may now conſider theſe ſolids as ſuſtained upon the inclined planes 
MO, OQ, the upper faces of the vouſſoirs, by means of an adjacent wall or 
counterfort, which reacts in the horizontal direction X. I heſe inclined 
planes MO, OQ, are therefore preſſed by the ſolids TMO, VOU, in the 
perpendicular directions NY, PZ, in ſuch manner, that the weight of each 
priſmatic ſolid or charge M O, OV, joined with the reſiſtance of its coun- 
terfort, has the ſame effect upon its vouſſoir MD, OE, as if thoſe vouſſoirs 
were conſtantly acted upon by ſingle forces, acting in the directions NY, 
PZ; conſequently the vouſſoirs MD, QD, will mutually react with the 
| fame equality of force in the common direction FI, perpendicular to the 
center of preſſion H of the joint OD; in the ſame manner the two vouſ- 
ſoirs OB, OE, will be reacted upon and ſuſtained by the adjacent ones, in 
the common directions GF, LI, perpendicular to the centers of preſſion 
G, L, of their joints MB, QE, and will rea& upon and ſuſtain each in 
| thoſe directions FG, IL, with equality of force; and conſequently the 
force acting in the direction N (for example) and the two forces in the 
directions G F, HF, will be in equilibrio, as will likewiſe the force in the 
direction PZ, with the two forces acting in the directions H I, LI, and 
the ſame of all the other vouſſoirs. . . 


Now in order to expound all theſe forces by lines, I draw the horizontal 
lines OR, Qs, meeting the vertical ones T M, VO, produced, in R and 
S. The three ſides of one of the triangles, as (for example) M RO being 
perpendiculars to the effort in NY, weight of the charge TO, and the re- 

ſiſtance which acts in the direction E X; it follows, that MO will ex- 
pound the firſt effort, RO that of the charge TO, and MR the third 
effort, and the ſame in the triangle OS Q. The three ſides of the triangle 
MO being perpendiculars to the effort in NY, GF and HF, MO 
will expound the firſt effort, (as in the triangle MOR) M that acting 
in the direction G F, and OY the effort in HF. In the triangle OZQ, 
OZ, OQ, OL will repreſent the reſpective efforts in the directions H I, 
PZ and LI; therefore the five lines MO, RO, MY, OY, may ex- 
pound the forces acting againſt the vouſſoir MD, and the five lines OQ, 
Qs, OS, OZ, QZ, may expound. thoſe acting againſt the vouſſoir OE. 
It now remains only to have one line inſtead of the two OV, OZ; and 
then we may eafily expreſs, by a range of right lines, the forces acting 
upon, or the efforts of the vouſſoirs neceſſary to preſerve the equilibrium 
of the parts. To effect this, produce the ſides Ii, x h, of the key-ſtone 
Ii b, until they interſe& the vertical AK; with AK, the radius of the 
intrados of the key-ſtone, deſcribe a circular arch, and draw the radii K a, 
Kc, Ke, &c. parallel to the joints MY, OV Z, QZ, Cc. Draw the 


— 


— — 2 2 - —_— 2 
— — OI = 
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chord it b, draw alſo the right lines ag, cn, e m, zK, and eZ, cy, 42, 


1k. This done, it is evident that the ſectors K a c, K ce, are ſimilar to 


the ſectors J MO, ZOQ, Sc. and the triangles abc, c de, to the tri- 


angles MRO, OS; therefore the ſides of the ſector a KC, and thoſe 


of the triangle a bc, expound the forces acting againſt the vouſſoir MD, 
and the ſides of the ſector c Ke, and thoſe of its correſponding triangle 
cde, do expound the forces acting againſt the vouſſoir O E ; but becauſe 
the radius c K ſerves for each vouſſoir MD, O E, it is now manifeſt we 
may have a range of lines, whereby to expound all the forces of efforts act- 
ing upon the vouſſoirs. For the lines cb, e d, are the differences of the 
right ſines ag, cu, em, &c. of the angles a K A, c K A, e K A, which the 
joints MB, OD, QE, make with the axis AK of the center; therefore 
the charger TO, V Q, of the vouſſoirs MD, O E, Sc. are directly as c 5, 
ed, &c. and conſequently the entize weights p MT, pqgOV, 22 Q. 
may be expounded by the ight fines ag, cn, em, 1 at the axis 
AK, and taking the fine it, half the intrados of the key, to expreſs the 
ſemicharge pr. Hence the nature of the center x hi! being given, with 
the joints MD, OD, QE, of the vouſſoirs, we may eaſily determine the 
weights or charges neceſſary to prelerve the parts of the arch in equilibrio. 
The force acting upon each vouſſoir in the horizontal direction OR, Qs, 
is expounded by the differences a, cd of the caſines a u, cy, c2 of the 
angles aKA, cKA, which the joints MB, OD, QE, make with the 
axis AK; and conſequently if At, the verſed fine of the angle which /; 
produced makes with the axis AK, be taken to expreſs the force of the ſe- 
micharge pqlr of the key, Ii hx, acting in a direction parallel to the ho- 
rizon; then Am, the verſed fine of the angle which the laſt joint QE pro- 
duced makes with the axis of the figure, will expound the horizontal 
_ of the whole charge of the ſemiarch againſt the wall or counter- 
ort A X. OE 1 


Now as the extrados x/ of the key- ſtone is to the radius thereof q AK, fo 


is the charge bir (the weight of the key-ſtone included) to the hori- 


zontal force towards either fide; hence the figure of the key-ſtone, its 
weight and charge being given, we may thence eaſily find the two lateral 
forces. | 


If we now ſuppoſe the vouſſoirs fo ſtrongly connected together by means 
of the maſons work, that the priſmatic ſolids or charges of thoſe vouſſoirs 
may be ſuſtained without the help of any ſuch wall or counterfort, as was 
before neceſſary ; it is evident, that theſe charges or weights will act upon 
their correſponding vouſſoirs, in the ſame manner as the weights R, 8, (equal 
to the faid charges) ſuſpended from the points F and I. | 


In 
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In this caſe, the forces expounded by MR, OS, Cc. and by MO, 
QO, or by ab, dc, 


and ac, ce, no longer F Is 
_ place; and con- - VT | 
equently the equili- 1 | 4 - 7 
— of the vouſ- = wa g 4 / x 
oirs depend only up- * 1 
on the three forces |_ 2 A E 
expounded by M T, a 5 — JL 


* 
LAY 
. 
% - 

. - 


OY, OR, or by SE, 


ak, c K, cb, the 
circular arch 4 0 e 
being now changed 
into a right AiaP, 
interſected by the 
right lines K a, K 
Ke, drawn parallel 
to the joints MY, 

_ OY, QZ. In the 
triangle à K c, the 
three ſides a K, c K, 

c a, being perpendi- 
culars to GF, H F, 
F R, may expound 9 
the forces acting in theſe directions; in the ſame manner, the ſides c K, 
e K, ce, of the triangle c Ke, may be taken to expreſs the forces acting in 
the directions HI, LI, IS, reſpectively; and becauſe the common fide 
c K ſerves to expreſs the equal forces in the oppoſite directions H F, HI. 
it is evident, that the five lines à K, c K, ac, e K, ce, are as the forces 
which act upon the two adjacent vouſſoirs MD, OE; and, by proceeding 
in the ſame manner with the other vouſſoirs, and their correſponding tri- 
angles, we ſhall find, that the ſeveral forces with which the adjacent vouſ- 
foirs act upon each other, are as the ſecants i K, aK, c K, e K, of the 
angles which their joints make with the axis 3 K; and that the charges p /, 
72M, TO, VQ, Sc. or the entire weights pi, 1B, TD, VE, Sc. of 
the charges and vouſſoirs together, are as the differences Az, i a, ac, ce, 
&c. of the tangents Ar, Aa, Ac, Ae, &c. of the angles i K A, aKA, 
Sc. which the joints of the vouſſoirs make with the axis 4 K, or, which is 
the ſame thing, the angles which the radii of curvature make with the axis 
of the propoſed curve. 


This theory agrees exactly with our determinations in Problem XLI, 
and its corollaries. | 
Ff 
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R O LE M MV. 


O determine the nature of the curve ADY, whoſe extrados is ter- 

minated by a right line OF, ſuch, that the charges thereon ſhall 
ſuſtain themſelves in equilibrio by their weights alone, without the help of 
any wall or counterfort, provided only that the abutments be of ſufficient 
ſtrength to bear the weight of the wivle arch. 


SOLUTION. 


Let ADY repreſent one half of the required arch, whoſe ſemi- 
extrados is the right line OF, height 
AR, ſemibreadth RY, and AO the 
given height of the wall above the key. 
From any point B, in the axis AR, + < 
draw the ordinate BD; at right angles / 
to AB, draw alſo 44, parallel and inde- Y/ 
finitely near to BD; to the points D, d, | 
draw the radii of curvature DS, 48; 
and from the points D, d, draw the ver- 
ticals DE, de, upon the horizontal line 
OF. From the vertex A of the curve, 
draw AT, A, reſpectively parallel to 
the radii of curvature DS, 4 S. Put 
Ao ==, I bes, 
BDOD=OE= ad C:=Ee=y. 
The triangles AOT, 4 CD, are ſimi- 
lar, becauſe DC is parallel to A O, 
and SD to AT; whence Cd: CD 
rAO0: OT, ha, 9:X:;Þ +; - = OT, and conſequently T? = 


FT EE 


=, ſuppoſing y conſtant. Now from the vertex A, draw the horizontal 


line AX, cutting the verticals ED, ed, and Y F, in the points V, 2, 
and X; then will EV=AO=b, VD=AB=x ED =b+x; 


therefore the area of the ſpace Ed, will be expreſſed by þ + x x . By 
Corol. 3, Problem XLI, it appears, that the charge or weight E d, ne- 
ceſſary to preſerve the equilibrium of the part Dd of the arch AD T, will 
be equal to T., the difference of the tangents of the angles which the 
radit of curvature DS, S d, make with the axis AR, multiplied by a 
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bcx 
certain . quantity c 3 hence F. =by + x7, which is the equation 


of the curve ADY in firſt and ſecond fluxions. Now in order to find the 
fluent thereof, I multiply each fide by 2 &, which gives 2cbxX% = 2bx7 Yy 
+ 2XxXx)), whoſe fluent (/ being conſtant) is c =26xpy + XXxpy; 
divide the whole by 2% + xx, and extract the ſquare root of each fide 


S 
V20x+ xx 


Ph fluent of uk fide the equation, we have Wo. x log. 2 2 + Vibz+x*) 
= y, which, when x = o, becomes Vo x log. b = y; but then 5 2 o 
alſo; therefore the correct fluent is V x log. b + x + V/2bx + xt) — 


x T1 : 
| Vi? x log. S oo y= Wir * log. — 4 4 — s If the fluent 


the reſulting equation, we ſhall have = =J3 and by taking 


of the equation above found, vi. VRxs = =, be required by a con- 


vV 2bsx + a* _ 
frrufion rather than by logarithms then for 5 + x, write u, and the equa- 
tion will become 2 = y; multiply each * by =, and put þ for 
. b gr * 2 


_— 1t will be farther transformed into — 


be thus conſtructed. | 
Upon the axis AR, 0 
deſcribe an equilate- ; 
ral hyperbola AML, 
whoſe vertex is A, 
and center O. Pro- 
duce DB, 3 d, RY, 
to the points M, m, 
L; draw OM, Om, 
and produce the for- 
mer to H; draw MG 
parallel to OR, and 
put BM = 2, then 
wil G = S; and 
hence OB: BM: 
MG: G H, that i 


2 2. which may 


angle OZ, 
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3237 #1 = = GH; therefore m H, the baſe of the triangle O H n 


⁊ u 13 — 2 2 


= OM m, will be expreſſed by 2 — , or which being mul- 


tiplied by half the perpendicular OB = —» gives E 2 for the area 


of the triangle O * m. By the nature of the hyperbola, z = Wu . 


therefore & = —= Let theſe values of 2 and ⁊ be ſubſtituted i in 


—, it becomes —== 
1 1 — u bh b* u 


1 Ve=F Tall 2 T herefore the wig ON m = 


X = = 


the expreſſion eel 


7 = t, which gives + f =; or we have the hyperbaric ſpace OAM 


= =T, (T being the fluent of DU whence 5 ='s = BD. 


From the center o, draw the aſymptote 0 Q; and from the points 


A, M, L, the perpendiculars AP, MN, LQ to O Q; then, by the 


property of 
the hyper- 
bola, OP x 
PA = ON 
x NM; 
conſequent- 
ly the tri- 
angles 
ONM, 
are equal; 
ſubtract the 


common tri- 2 —— 


there remains the quadrilateral PN MZ, eqs] to the triangle O Z A; 
and by equal addition of the mixtilineal triangle A Z M, we ſhall have 
the 
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the aſymptotic complement APNM, equal to the hyperbolic triangle 
OAM T. And as this hoids good for any point M, it follows, that 
the aſymptotic complement APQL, is equal to the hyperbolic triangle 
OAL. Now by finding the area of the ſpace APQL, and having OA, 


AR given, we ſhall have + = RN = f, and >=. In the ſame 
manner proceed with any other aſymptatic complement APNM =T, 
and dividing it by h, the value of the correſponding ordinate may be found, 
which (by help of its abſciſſa) determine the points D, d, &c. of the re- 
quired curve. MM 25 


In order to determine the points D, d, &c. of the required curve, by a 
conſtruction without the help. of logarithms, deſcribe on OR the ſemi- 
circle OIR, make OI = OA; draw RI, and make RL = RI. From 
O, diaw an indefinite right line OQ, making with OA R an angle of 

45% from L, 


perpendicular 
upon O(), uf 

5 5 „nich & 
ſcribe a ſemi- 
circle OZQ. 
From the ver- | 
tex A, draw | 
AP Z perpen- 
dicular to OO, 
and A ral- 
{cl hy 60 
draw O 3, cut- 
ing AP ind; 
make ON = 
O Z, and NM . 5 | 

= Pd. From the point M ſo determined, draw MB perpendicular to the 
axis AR, which produce, until BD becomes equal to half R; fo ſhall D 
be a point in the required curve AD T. | 


To find another point, as 8, between A and D, proceed thus. On ON 
already determined, deſcribe the ſemicircle Ox N, and make O equal to 
the chord Oz. Draw a6; perpendicular to OQ; join the points O, 5, 


G g 
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with a right line, cutting AP in 7; make #6 =P 7; and from the point 
6, draw the ordinate 678, making 78 = — and 8 will alſo be a point 
in the required curve ADT. 


In order to determine the points between D and V, produce 3 N to in- 
terſect the periphery of the ſemicircle OZQ in X. Make OV = OX, 
and draw V 10 perpendicular to O Q; join the points O, 10, with the right 
line O 11 10, cutting AP in the point 11; makeVi2 PII, and from 
the point 12, draw 12, 13, 14, perpendicular to AR, making 13, 14, equal 
. 2 

In the ſame manner other points in the curve ADY may be de- 
termined ; and conſequently, the arch itſelf (of which A D is the exact 
half) may be eaſily deſcribed. 


Corollary. If, in the preceding equation of the curve, viz, 


= vc x log. — —— „the indeterminate quantity c be ſup- 


poſed equal to 5; or, which is the ſame thing, the aſymptotic complement 
APQL equal to half the product of AO into R Y, then will the curve 
ADY become the catenarta. 85 | 


| Mr. Emerſon, in the ſecond edition of his Mechanics, has given ſe- 

veral methods for conſtrufting arches, which ſhall ſuſtain themſelves and 

all their parts in cquilibrio; one in particular this author reckons the 

moſt uſeful of any, as the arch fo deſcribed (he informs his readers) will 

be clear of all thoſe inconveniencies to which the others are ſubject. This 
arch Mr. Emer/on determines in the following manner : 


« Make BR, RA, RF, each equal to 30 feet; BS, 3 feet. Draw 
AG, Fg, parallel to RS. Divide SG, Sg, into thirty equal parts, or 

thirty feet; through all the points of diviſion, draw lines parallel to 
SR, as TC. Then upon each of theſe lines, ſer off, from 8 G down- 
wards, the number of feet you find in the following table, reſpectively, 
as TC; then C will be in the arch. Do the ſame for the fide Sg; 
then the curve FBCA, drawn through all theſe points C, will be the 
arch required. The curve is eaſily drawn through theſe points, by 
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help of a bow held to every three points; or rather to four or five 


pow at once, which may be eaſily done by two or three perſons 


olding it. 
1 . Value of 
e TL in feet]| Value 
of STI. 
and dec, [of ST 
in ſeet. | 
parts. 
03.500 
13317 11 
2 3 568 ö 12 
33 83.0 28 
= 3-774 |} 14 
E 5 3-931 || 15 
0 4.127 || 16 
7 | 4-362 || 27 
8 4.0329 I} 18 
9 4.961 |} 19 
10 | 5.332 || 20 


1 33-590 


Value || Value 
of TC. [of ST.] of TC. 
5 » 

3288 280 | 14014 
6231 22 {| 25-427 
6.709 23 16.970 

7-372 || 24 | 18.687 | 
| 8.047 | 25 | 20.585 | 
| 8.799 26 | 22.682 | 

9.636 27 | 24-999 
10.567 [ 28 | 27.557 | 
11.600 [ 29 30. 381 
12.745 [ 30 


11 


—— 


If the thickneſs of the arch at top, BS, be oppoſe to be three feet, 


four feet, or five feet, Cc. it 
will require a different curve to 
be eonſtructed; but this ſeems 
to be ſtrong enough for the 
bigneſs of the arch, eſpecially 
if built of ſtrong, ſound ſtone. 
Here three feet and a half is aſ- 
ſigned for the thickneſs of the 
arch; but it muſt be made two 
or three inches leſs, on account 
of the parapet wall; for this 
adds weight to the whole. Alſo 


if the top GS is not exactly horizontal, but is two or three feet lower at G 


7 


than at 8, the thickneſs BS ought to be two or three inches leſs upon that 
account; or if higher at G, two or three inches more: but theſe niceties 
make no ſenſible difference in practice. 


This curve differs from the catenary; for at the vertex B, it is leſs 


curve than the catenary, and towards A it is more curve. The curva-'| 
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rure at B in this arch, is very near that of a circle, whoſe radius is 
BR; and the curvature increaſes from the vertex B, and is leaſt 
about C. , 


At the points A, F, where the arch ſprings, it riſes at an angle of 880. 
15. above the horizon. | 


If an arch is required to be either greater or leſs than this, it is no more 
than taking any other equal parts inſtead of feet, and ſetting off all the 


lines by theſe equal parts.” 


According to the method here laid down by Mr. Emer/on for conſtruct- 
ing an arch of equilibration, it ſhould ſeem as if AF (uſually called the 
ſpan of the arch) muſt conſtantly be double the perpendicular height R B, 
and likewiſe equal to thirty feet, yards, &c. or thirty ſuch equal parts, of 
which S 'B is three and a half. Admitting this, yet we are at a loſs to 
know whether the equality between AR (= RF) and R B muſt continue, 
when BS is of any other length than three and a half : becauſe when BS 
is four feet, or five feet, Sc. it will, as Mr. Emerſon informs us, require 
a different curve to be conſtructed ; and therefore how far the equality of 
the height and ſemiſpan, which in the former caſe was preſerved, may now 
become affected by the alteration in the curve, is not eaſily determined; 
eſpecially as the principles, upon which the foregoing table was conſtructed, 
do not appear in the abovementioned gentleman's treatiſe. 


If the reader is inclined to examine the foregoing table by our 
theory, it may be done by again reſuming the equation y g 
log. exx+ 4. £ . wherein (c being indetermined) if we take 5 = 
3. 5. and y = x = 30, the value of c will become known; and conſe- 
quently, by taking the values of T C, as they ſtand in the table, for S ＋ , 
the correſponding values of 5, or thoſe of ST, may by the above equa- 
tion be determined. Or if the values of y be aſſumed equal to 1. 2. 3. 4. 
Sc. as they ſtand in the table, the correſponding values of x may be found; 
but the former method will be found moſt commodious. The ratio of the 
S T's may be obtained from the foregoing equation, without firſt determin- 

b+ x +W2bx+x* 
— — 


LL; therefore 
b 7 


VE 


ing the value of c; for as y is there equal to log, 


Vos it is evident that y is always as log. 
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by expounding x by any two (aſſumed) values of TC—BS, the ratio of 
the correſponding y's or S T's will become known. 


The ſame gentleman has, in his Treatiſe on Fluxions, page 325, given a 
theory of arches of equilibration ; to which are added, ſeveral examples 
ferving to illuſtrate its uſe. Theſe, together with the theory, I ſhall 
firſt tranſcribe, and then examine by our general method of inveſtiga- 
con, | 


„The nature of the curve ABD, T 
forming an arch, being given; to - 
find the nature of the curve RST, 
bounding the top of the wall 
ATRD, ſupported by that arch; 
'ay the preſſure or weight of which 
ul, all the parts of the arch are 
kept in equilibrio without fall- 


ing. 
= A 


1. Let ſeveral equal right lines F.-1 S 
AB, BC, CD, Sc. placed in a „%, i 
vertical plane, moveable round the | | 

angles A, B, C, D, &c. whilit the 5 | 

points A, G, at the baſe, remain fixed and immoveable. Through B, C, 
D, Sc. draw the lines Bi, 
Cm, DP, Sc. perpendicular 
to the horizon ; and complete 
the parallelogram Bi, and 
make CI = Bk; and com- 
plete the parallelogram CI nn. 
In like manner make Do = 
Cz or im, Er =o, Fi= 
75; and complete all the pa- 
Ins in the figure as 
at Hrlt. | 


2. Let ſeveral weights, which are to one another as the lines Bi, Cm, 
D p, &c. lie reſpectively on the points B, C, D, c. Now the force Br, 
is equivalent to Bb, Bk, acting in the directions BA, BC; the force 
B h is deſtroyed by the reſiſtance of the point A; but BE endeavours to 
move the point B towards C. In like manner the force C M is equivalent 
to CI and Cx; the force Dp to Do, op, &c. Now the forces B & 


H h 
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(acting towards C) and C! (acting towards B) being equal by conſtruc- 
tion, deſtroy one another. In like manner the forces Cz, Do, Dp 
and Er, Ev and Ff, &c. deſtroy one another; and the point G being 
fixed, it is manifeſt the figure ABCD, Sc. will not be moved by the 
incumbent weights Bz, Cn, Dp, &c. but all its parts will remain in 
_ equilibrio. | 


3. The force Bb: force Bk or C1: : fine <biBoriBC: fin <AB; 


I | 1 1 F * 
: Kn KZ Rr Likewiſe force C1 : force 


ea, 1 3 
C or Do: : fin MCD or PDC: fin CB: : B Ha ue or 


1 


fm pDC and ſo on; whence it is plain in general, that any force Cl is as 
3 „ eee 
rr = HF acy me 


5 ſiin BCx Se 
fore the force Cm is as ack * = CD 


43. Now let the number of the lines AB, BC, CD, Sc. be increaſed 

and their lengths diminiſhed ad infinitum, that the figure may obtain the 
form of a curve; and the preſſure will then act on all parts of it, and the 
angle BC will then become the angle of contact, and the fines of 1 CB 
and m CD become equal to rhe fine of mCx. Therefore the tangent An, 
(fee the laſt figure but one) the preſſure on any point A, to preſerve the 

e will be as the angle of contact at A directly, and the ſquare 
of the ſine of the angle mA n reciprocally. But the angle of contact is as 
the curvature, or reciprocally as the radius of curvature; therefore the 
preſſure is reciprocally as that radius, and the ſquare of the ſine of that 
angle m An. 


5. Let BC = x, AC=y, AB = E, radius of curvature in Ax R. 
Then if 2 be given, fine < TAN will be as y, and + RA 
Then the weight or preſſure on A=AT X 3, and that (as has been 


3 
a Tan © ri 


1 8 FER 1 a I 
proved) is as j— Mm TAN NN. therefore A T is as IPTTE 


25 21 


or, in general, AT is as 55 But when & is given, R = i; or if 


— xy 
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y be given, R = =D therefore AT is as =, if x be given; or AT 


==, if5 be given. 
7 de g ; 


' Wherefore to find the curve S T,. let BC. AC =% AB==x; 


ya by the nature of the curve A B, compute =? if x be given; or 


75 if y be giyen; and take AT proportional thereto. And x may be ex- 


punged out of the value of AT, by help of the yu line BS; and thence 
the nature of the curve S T vill be known,” 


The former part of this theory, relating to arches of equilibration, is 
the ſame with that at page 9o of the ſecond edition of his Treatiſe on Me- 
chanics, and may be eaſily ſhewn to agree exactly with the concluſions in 
the XXXIXth Problem of this work ; for it there appears, that 2Q : R 

DW. EF ET 


(ſee the figure to that problem) :: 5x — - DT Pr and 2P:R: 5 
SC DW Er = DW DW EY -- 
B— on: . ov; on —or; or 


becauſe BC = CD = DE, it follows, by the principles of plain trigo- 
nometry, that the ſine of the angle BCD will be expreſſed by SC x CW 
BS x DW; and that of CDE by WD x DT—CW xXET, radius 
being unity. Again, BS, CW, CW and DT, are the reſpectire ſines 
of the angles BCS, SCD, CD W and W DE; therefore, according to 


SC x CW—BS x DW WD x DT—CW x ET 


| Mr. Emerſon, P : Q:: —— 1 TW 5 . 
S W 
that is, P: Q:: 38 — 2 4 4 1 — . which, as it coincides with 


the above ratio of P: Q found by the application of our general method, 
is certainly true. 


Mr. Emerſon's method of finding (by the reſolution of forces) the ratio 
of the weights preſſing upon the angular points of ſuſtaining beams; or, 
which is the ſame thing, the ratio of weights ſultained in equilibrio by 
means of a ſtring (faſtened to two fixed points) to which thoſe weights 
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are appended, is not new; for in a poſthumous work of M. Varignon, called 
Novelle Mechanique ou Sta- 

zique, publiſhed in 1725, A\ 
at page 181, vol. i. it is ö 
there ſhe wn, that if any 
number of weights K, L, 
M, N, Sc. be freely fuf. 
pended from the points 

C, D, E, F, Sc. of a flexi- 

ble cord A C D B between 

the fixed points A, B, to 
which tie extremities of 

the cord are faitened, and 

the ſides AC, CD, DE, Oc. 


of the polygon ACDEF B, EF 2 
into which the cord is i R (N. 
formed by the weights 1. . 
K, L, M, N, Sc. reſpec- 1 70 


tively produced, until they 
meet CK, DL, Sc. the parallel directions of thoſe weights, in the points 
H, G, S, Sc. the ratio of K to N will be that of DH EQx FS, to 
 CGx DPX ER; alſo L: N: n DP ER; K: M: 
DHX EQ: CG DP. 


For by a preceding corollary | in Varignon's treatiſe, or by page 34 of this, 
it appears, that 


K: L: DH: CG xs 1 
| | ho : 
L:M::EQ:DP whence oe ENCE 
| M:N::FS:ER * = Ex x IM 
From the firſt and third of theſe equations, we get K:N: YL ON x 
- ELM ” ; for L, ſubſtitute its value found by the ſecond equation, and 


DH  EQxM., ER x M 
ve have K: N: Ee —DP 1 


or K: N:: DH * 
EQ 
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EQ xFS:CGxDPxXER. By the ſecond and third equations, we 


EQ TM ERxXM | 
have L. N.: IE; — ; whence L:N::EQ xFS: DP 


ed 24 and by the 


| EI 
ſecond we find the value of M ( = STS therefore K: M: : => G 
D . 


EGA : DH x EQ: CG x EP; whence the law of continuation 


x ER. Again, by the firſt equation, we have K = 


becomes manifeſt, let the number of ſuſpended weighs be what they 
will. 


But, in order to e the above proportions of the weights ro 


Mr. Emerſon's form of expreſſion, let x be put for the ſine of the angle 


CD, to the radius 1; then will S be the ſine of the angle GC D 


or CDH. The angles KGD, GDL, are equal, becauſe CK is parallel 


to DL; and the ſine of the angle CDE will be expreſſed by that of its 


fopplement QD E, equal to C DG. Therefore the ſines of the angles 


DH x GDx x 


ACD, ACK, KCD, CDE and LDE, will be equal to 
(Dux GOxuz CoGnxz: ; 
"Tn. E 29 x, reſpectively; conſequently, 
fin S ACD 1 ſin <CDE ref 
fin <ACK x fin SKD and fin fin <CDL x fin < EDL' TE TP 
C 8 


DH 
tively equal to = * and = oe whence, according to Mr. Emer- 


fon, K: L: B 65 · or K: L. DH: CG; which 


agrees exactly with the ratio of K to L, found by M. Varignon's me- 
thod. In the ſame manner it may be proved, that the ratios of K to M. 
L to N, Sc. which are above ſhewn to be as DH x EQ to DP x CG, EQ 


fn SACD 


Fs to DPXER, Se. will alſo be as m = ACR fin <KCD 


11 


CHxCD? 


4 
4 
| 
| 
| 
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fin < DEF fn < CDE 
= DEN x m < FEW fin SCDL x bn <EDL © 
fn < BFE Se. 


in V BEN x in VEFN 


PROBLEM XLVI. 


O determine the figure of the extrados of the ſemicircular arch 
FB AP, ſo that the parts of the ſaid arch ſhall ſuſtain themſelves 
in — 


SOLUTH1 ON, 


Let PS T be the required curve of the extrados, Put the radius CD 
=CB =r, the verſed fine BM = x, 
right ſine MA =y, BS=5; then 


AID 2 - XN bo 

= —x) = ——_—, 

IS r- / 
— x x- — * 

a ORE I | @ | 1 1 3 2 

——— then wil 7 
. orx3 — REF | | 
27X—Xxx * rx? * x* — 
rr 


therefore AT is as ==, or AT - \ 


— | 
SS 3 | 4 
= == 5 and expunging x, 8 ox C Þ 
7x 
p 3 
(AT- MS) 7 —4— 174 AT —5* for the nature of the curve 
199 
PST. 
Otherwiſe. 


It appears by 1 n to Problem XLV, that OT (ſee the figure to 


that problem) = = = the fluxion of which is 5 ſuppoſing * con- 
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ſtant ; therefore by Corol. 3, Problem XII, = of „„ by a conſtant 


quantity, is equal AT (in the above figure) multiplied into y; whence AT 
—bcxy 
ET 


perty of the circle, we have 27x —Xxx = yy, and therefore — 7 = 


11e rr bc 


>, wc AT = RAT 1 conſequently SQ= 


11 


rr 


7 — 5 — K; 


K* 14 | 
wherein, if we make c = r, (becauſe when x = o, SQ muſt vaniſh) and 
rib 


732 


I — } — 7 + r. the 


expunge x, we ſhall have SQ = 
fame as before. | 


PROBLEM  XUVIL 


"TO determine the figure of the extrados of the ſemielleptical arch 
FBD, fo that the parts of the faid arch ſhall ſuſtain themſelves 


in equilibrio. 
. | | FER | 1 T P 
SOLUTION. S 1Q E 
Let PST be the required 8 

curve of the extrados. Put the FA. 
ſemitranſverſe diameter DC t; 
ſemiconjugate C B c, BM= x, AL 
MA = y; then, by the na- 
ture of the ellipſis, we have y 


- t _. | 
=— Vaex—ax, J=— x {Db 
— 3 —tcx* 
| Ji of om : 
5 — * 75 6. | BIS 
ſuppoſing x conftant ; whence —— = =, theſe AT = === 
| 1 * Xx C(=—x 


„e being put for the conſtant quantity. Now, by the pro- 


— — — - — 


| x: 
therefore 7 = — X —_ 


have x = 


| comes, by ſubſtituting of & and y* their reſpective equals, —} 
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TOM * = —4—1 = F=EY, 7 — 9e — * * by exter- 


minating x; whence the nature of the curve PST becomes known 


Otherwiſe, 


From the points G, d, indefinitely near each other, draw the radii of 
curvature GR, 4R; and from the vertex B of the arch, draw Bo, Br, 
reſpectively parallel to G R, d R, meeting the tangent S /, drawn to the 
extrados PST, in the points o, f. Draw alſo d E parallel to FD, and 
GE parallel to BC, which apa to T; then, by the ſimilar triangles 
GE#d, SBo, we have Ed: EG:: BS: So, that * 4 l 


3E 


7 = So, whoſe fluxion, making y conſtant, is —5 Solz; therefore by 


Corol. 3, Problem XLI, == GT, (d being put for the conſtant Fw 


wy.) Now, by the nature of the ellipſis, we have 72 259 Zcx -x, 


(—X 


and if y be I conſtant, we ſhall 


. — - 
3 » but * _ Hr x* Comal 24 


(=—X X 20X—XX TO cc car > 24 


bd ct 


e Xt 
This expreſſion, when x = o, muſt be equal to 5; therefore 4 muſt be 
c 3 


—— the ec 
— 


taken equal to =, and conſequently AT becomes 


as before, 


PROBLEM 
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PR OB LE M XLVIII. 


O determine the ſame things as in the two laſt problems, the propoſed 
arch being the curve of the common parabola. 


SOLUTION, 


Let the abſciſſa BC be put = x, correſponding ſemiordinate 0 Þ= 53 ; 
then, by the property of the 
parabola, we ſhall have 2 p K 
=), 2p being put for the 
parameter to the axis. Then 


conſtant) ; ond therefore AT 
(drawn parallel to the axis 
* which is expreſſed by 


= when is conſtant, now 


Eo, 
becomes = » a conſtant quan- 


tity z therefore AT is every where the ſame, and the extrados of the pro- 
W * 


/ | 


— — | — 5 — — — 


PR OB L E M KXLIX. 


ET BA be the curve of an hyperbola, to determine the extrados 


thereof ſuch, that the parts of the propoſed arch ſhall ſuſtain them- 
ſelves in equilibrio, 


SOLUTIO N, 
Put the tranſverſe diameter = 2 1; conjugate = 2c, BC x, CA=z, 


4 


| BS=5; then, by the property of the curve, 27x + xx = , 


Kk 
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ey: 


2 3 
5 IF 


| yr jm—— ry 1 
whence r + x Ve TN 4 * 2 * 2 


therefore the general expreſſion for 


* i 
AT, wiz. = in this caſe becomes III Fw 
'& : 5 c 4 Sal — 
„ ad AT= 7. 
©+YY (CF FF 


Hence the curve ST continually ap- 
proaches the hyperbola; and SQ = 


1 j— 
(4+x—AT=) T V 
„ 
— —==T, expreſſes the nature of 
cc ＋ 3p" | 4 
the curve 8 F. 


Otherwije, 


Draw the radii of curvature RA, Rd, indefinitely near each other; 
draw dE F parallel to the ſemiordinate AC, and AE parallel to the axis 
BC. From the vertex B, draw Bo, B, reſpectively parallel to radii R A, 
R 4, interſecting S P (a tangent to the curveST in S) in the points o, f; 
then will the triangle Ad E be ſimilar to the triangle BS e, therefore EA: 


EA:: BS : So, that is, y: x * = 80 and conſequently :? 
= 575 ſuppoſing y conſtant. By Corol. 3. Problem XLI, it appears, 


that y AT, the charge or weight acting upon A 4, to preſerve the equi- 


librium in that part, is equal to _ (d being the neceſſary conſtant quan- 


tity) therefore AT = 7. Now, by the equation of the curve, we have 


1 
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rr yy 25 2 re 
zr x ＋ XX= , whence x = 42 T, and AT 
CC X 0 cc ＋ 
r dac | 
= 7”. From this value of AT, ſubtract SC, (a+x) and we have 
cc+ Jy | . 
i rdac 
SQ = 2 — x, which, when „So, mult (together with x ) 
c+Sy 


entirely vaniſh ; conſequently i in that circumſtance, c* = da, whence d 


= . Subſtitute this value of d, in the expreſſion for AT, it becomes 


c3 4a 


7” » the ſame as before; and, putting SQ = 2, the equation of 
cc ＋ 5 


the curve S T will be defined by the equation à &—7 + - * F 57 7 


ca 
— $ . 


ESTA 


The former ſolutions in this and the three preceding problems, are the 
ſame with thoſe given by Mr. Emer/on, in his Treatiſe on Fluxions ; and 


exactly coincide with thoſe we have deduced from the theory inveſtigated 


in the XL Iſt Problem and its corollaries, by the application of our general 
method of reſolving mechanic problems. 


By help of theſe inveſtigations, we eaſily arrive at thoſe concluſions which 
M. Parent has given, at page 168 of his Eſſais S Reſcherches de Mathe- 
matique, vol. 3d, namely, That if AD be a given arch, whoſe extrados 
is TN, axis AB, ſemiſpan 3a, and Ap the given height of the vertex 
of the required extrados from that of the arch; "and from A, a right line 
AMP be drawn parallel to the horizontal line 32; alſo through any 
point M, a right line parallel to Ab; then will Te, (A3 2 being a 


quadrant of a circle) the height of the extrados above the point e of the 
propoſed arch, be inverſely as ; the cube of the right ſine ed. But if Ae a 
be the arch of an ellipſis, then having firſt multiplied the ſquare of # d, 
by the ſquare of the ſemitranſverſe ba, and the ſquare of the horizontal 
diſtance AM by the tem! conjugate A 6, and ſubtracted one — from 


1 


the required piers of 


ſented by BE GD: 
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the other, the height eT of the required extrados will be directly as that 


difference, and inverſely as the cube of ed. 


If the propoſed arch be the curve of an 


hyperbola ; then, having multiplied the 


ſquare of the de's, by that of the ſemi- 
ordinate 34, and the ſquare of the hori- 


zontal diſtances AM, by the correſpond- 


ing part As of the axis, and taken the 


| ſum of thoſe products, the ratio of the 


heights MT will be compounded of the 
dire& ratio of thoſe ſums, and inverſe ratio 
of the cubes of the heights de. 


PROBLEM I. 


Let SZ be one of 


the ſemicircular arch, 
whoſe half is repre- 


SOLUTION. 


Through L, the mid- 
dle of FC, draw MK 
parallel to Z A; and 
produce PZ to M. 
Let fail LV perpen- 
dicular upon AB; and 
from L, draw LO at 
right angles to LA, 
meeting the perpendi- 
cular PO in O. From 


Þ -Þ 
| „ s 
x <A 
- 
9 4 
| Y| 
| 
@ " _ is 


O determine the thickneſs of the piers neceſſary to ſuſtain in equili- 
brio the parts of a propoſed ſemicircular arch. 


Q, the center of gra- 
vity of the vouſſoir CE, 


let 
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let fall QR perpendicular upon the baſe SP of the pier; biſe& 25 
in T; call LK or KA, a, LA, 5, BV, c, Z P, 4, Z B or RS, g. 
PS, y; then will ML or MN be equal to c+y, and MP= a + d; con- 
ſequently NP=a +d—c—y. Put a+d—c= f, then NPS F-. 
and PR =yz—g. If for the ſurface of the vouſſoir CG, or its equal 


CE, we put 11, 


of the vouſſoir in the di- 
rection LO. By the ſimilar triangles LK A, NO, we have LA (2) 
LK (a):: NP (F-): PO equal to — ; which, being multi- 


7 


plied by = gives f- n* for the force ating at right angles upon 
the arm PO of the lever R PO, whoſe center of motion is P. Now, 
by Problem XLI, it appears, that * x y—g and _ are the reſpective 


forces acting at the points T, R, in a direction perpendicular to the ho- 


rizon, therefore by the nature of the lever (ſee page 76) we have nnf 
—nny= 7 + any—nng. From this equation, by e the 


ſquare and proper reduction, we get y= 7 2 f+ 22 g be 4 n+ ; 


F 
When the extrados of * | 
the arch BDH is ter- V R 
minated by a horizontal Ee 


line QX; then hav- M F 
ing taken FC = DG, | f: 

and drawn LO per- 
pendicular to FC, in 
the middle point L. as 
before, and other things 
remaining ſtill the ſame, 
put MP= f; then by 
the ſimilar triangles 
LKA, PON, we 
bare LA: LE :: 
PN: PO, whence PO 


middle of the arch BD, 


draw MLK parallel to the 
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af—at—ay 


2 7 - Now the abolore weight of the vouſſoir C WGD, 
here ſuppoſed = #*, is to the force thereof, in * direction LO, as 


LK : LA (Problem III.) and is therefore equal to == which, being mul- 


tiplied by PO, becomes fun—cnn—nny. And this product muſt, by 
the nature of the lever, be equal to the weight of the pier PQRS, mul- 


tiplied by PT; hence this equation, Fu. y= _ ; from whence 
4 — 
we get y = LE «2 Yai — 


P R O B L E M LI. 


O determine the thickneſs of the piers neceſſary to ſuſtain i in equll- 
brio the yon of a propoſed ſemielliptical arch. 


SOLUTION. 


Let SZ be one of the required piers of the ſemielliptical arch: 


whoſe half is repreſented 
by BEGD. From the 


draw LO a tangent to that 
point; and erect the per- 
pendicular LA, which pro- 
duce to A. From P, let 
fall PO perpendicular up- 
on LO; and through L, 


ſemitranſverſe axis BH. 
N 
Las, 5. 
 MP=g, u for the ſurface 


of the vouſſoir CG, nearly 6 | Fr 4 0 


equal to FB, ZB = 5. ENS, 


By the ſimilar triangles LK A, LMN, we have AK: LK: LN : MN; 
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whence MN = 23.06, and thence NP == 2 ; and again, 


2 OY HAY 
by the ſimilar triangles LK O, NOP, we get PO = — Now 


the abſolute weight of the N LF GD, is to its preſſure upon FL, 
as LK to LA; conſequently — — „ — expreſſes the force a&t- 


ing upon che point O, in the Lotion LO. On the other hand; the re- 
ſiſtance of the pier S Z vill be expreſſed by 22 + 1 51 PT being equal 


to TS, and P conſidered as the center of motion of the lever O PT); j 


hence, by making the force and nee equal, we mall have 5 62 


— dn — 82 2. — and conſequently y = =/ 53 — T EEE + 
A TIX 3 of 

N 

If the propoſed arch be of the Gothic kind, formed by the equal parts 

BD, DI, of two equal 

circles, whoſe centers are | 3 X 
at the points H and G, 5 
equidiſtant from A, the 
middle of BI; then hav- M PAL *. 
ing biſected BD in C, — ae \ 
and drawn HCF, HDT; 1 „ 
and from L, the per- | fl | * 
pendicular LO; likewiſe | 7 3 SY 
MLK, LV, MP, PO, 12 — OO 
Sc. as before; put LK  /|NEB|V "A W431 
'=& OS LQ=" F-3 ] | | | 
Wai, Za, MP | | 
=, ZB=y. The tri- O/ N 24 
angles LK Q. LMN, * 


are - ſimilar ; hence KQ I | | 
(5) KL (a):: LM P. — — 
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(d ＋ ): MN 2 ); and therefore NeP= 2 — Again, 


the triangle LKQ is ſimilar to the triangle NO; conſequently L 


:KQ (4): :NP (== ID <=. PO 2 EY) Now 


let the abſolute weight of the 24 LDT be expounded by LK; then 
ben* 
a 


will PO X —— (n* being put for the ſurface of LDT) or 
— du — Y, expreſs the force acting upon the point P, in the direction 
LO. On the other hand, we have 22 + #* for the force acting upon 
the point P, in the direction BS; therefore, by the property of the lever, 


fyy 


| ben 
theſe forces muſt be equal. Hence _ —duin—nmy= _ + 11; 


20pn* —_—_ FEED 


__—— TI. 


this equation being properly reduced, gives y = oF 


Tx* 
— — 


a . c — 


PRORL EM i 


O determine the thickneſs of the piers neceſſary to ſupport in equi- 
librio the propoſed vouſſoirs, when ranged in a right line. 


SOLUTION 


Upon LF, the given diſtance between the piers, qeſeribe an equi- 
lateral triangle LAP ; and divide its baſe LF, into as many equal 
parts as there are vouſſoirss From A, draw through thoſe points of 
diviſion, right lines, terminating in the indefinite right line GI (draun 
parallel to LF. at a given diſtance therefrom) in the points E, C, as 
Sc. From L, draw LO at right angles to AD; and from P, 
fall PO perpendicular thereon. Produce KL to M, and draw Ne 

— | perpendicular 
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perpendicular to LF. Put 
K Lg a, K A= B, MP G D A BJ F292 
=, LM =, #»* for | 

the area of LDCK. The 
triangles AKL, LMN, 
and NO P, are ſimilar; 
hence KA (): KL (a) 


| . 
:: LM () : MN (> » 
and conſequently NP = 


2 Again, AL I VIM 1 
(23): AK (3) :: NP 0 | 

— [ay ˙ Ä an. 33 
(—=) r 2. Now by Problem III. it appears, that the 


abſolute weight of LD CK is to its force, upon the pier SM, as LK to 9 
LA; but LA is double to LK. Therefore the force acting upon O, in 
the direction LO, may be expounded by 2 21, which, being multiplied _ 2 . 
by PO, gives —.— n* y, for the force acting upon P, at the diſtance 7 $4 % 


Po; which, by the property of the lever, m' iſt be equal to the force act- 
P ing upon the point N at the diſtance of half P'S therefrom. But this is 


| „ 3 : 
expounded by 22, hence 2 nn =2, and conſequently y = 
FE AS 


- ＋ 7 9 


_ _ ** 
n 
_— - 2 

" « 


PR OB LE M III. 
E the ſtring ACE B, whoſe ends A and B are faſtened to two tacks 


in the horizontal line A B, be divided into the given parts AC, CE, | 
EB, and at the points of diviſion C and E, the known weights K, L., 
appended ; it is required to find the poſition of the ſaid weights and ſtring, 


when ſuſtained in equilibrio. 
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SOLUTION. 


From the points C, E, draw CF, El, reſpectively perpendicular to the 
horizontal line AB; draw alſo CW 
parallel to AB. Put AC=a, CE 4 > B 
EIn a A , 
wn then will FI CW = a—x—7, 
= i*—x?) EI= VF — yp, 
3 Nn. — — =vF—? 
VVL By Lemma 1, we have 
KY. Lx V#—p) 
K+L 
perpendicular diſtance of the common 
center of gravity of the two weights 


K, L, from the horizontal line A B, 
which muſt be a maximum. In fluxions 


we have K X == + Lx = So; and by taking the fluxion 


— for the 


of the above equation, viz. V.. .. = V#—y— Vs = we 


—— N x = - y | 
ſhall have = 8 _ is wherein, by ſub- 


ftituring for &, its value found by the equation ariſing from the maximum, 


| and dividing by I. &c: we ſhall at length have — FI . Fl xc ECB! 


a KX EIX NF 
L BIX EX BIX EW 
EE 71 —, and therefore FI XFCxBIXL—FI 


XEIXAFXK=BIXEWxAFxK+BIx EWxAFxL; or, which 


FC: CW—AF x WE _ KX BIXEW+IExCW 
WWW 


is the ſame thing, Lx 


an. © 
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fin < ACE fin BEC for FC 8 
J MEE ac-— 


Cox or. 1. K: L: 


1 W CW. 
< ACW, = its coline, IE = fin <WCE, TE its coſine ; all theſe 
fin < ACE FCN CW AF x WI. 


t0 the radius I, therefore — © TON i K Fx CE 3 and, 
BE 
by the fo way of n it may be ſhewn, that 85 = T = will be ex- 
BI x EW IE x cw 
Preſſed by BIX CE 


Cool. 2. Produce AC and BE, to G and H reſpectively, then K: 
L:: EG: CH. For the angle CHE is equal to the angle IE B, and the 
fine of the angle CEH 1 is the ſame with that of its ſupplement BEC; there- 


_ fin < BEC _ cH fin < ACE _ 3 EG 


= CH chat is, K: L : : EG : CH, which exattly agrees with the 


determinations in page 34. 


PROBLEM LI. 
ET three weights K, L., M, be freely ſuſpended from the points 
C, D, E, of a perfectly flexible cord A CDE B, between the fixed 
points A, B, ſituated in the ſame horizontal line, to which the extremities 


of the cord are faſtened; it is required to find the poſition of the ſtring and 
weights, when ſuſtained i in equilibrio, 


SOLUTION. 


Let ACDEB be the required poſition. From the points C, D, E, 
draw to the horizontal line A B, the perpendiculars CF, DP, EI; 
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and from C and E, draw CR, 
ET, parallel to AB. Put AC 
=, DZ DE = ,, EB 
e 
= Na EI VA == 
FP=CR= V2 PD 
= vVa'—x* +2, and 'TD= 
Va- + 2 — Vi? 


conſequently TE, or its equal 


Pi- N U =ννr e hee T. e 
22 4 Br Again, by Lemma r, we have 

K X N — n tnx?) + Lz + L x a*—x*)+ — 
K+L+M 


_ dicular diſtance of the common center of gravity of the three weights 
K, L, M, from the horizontal line A B, which (becauſe a maximum) 
being put into fluxions, made equal to 0, and properly reduced, gives 


- _ K+Loxxx M x3y _ 
22 11 0 being conſtant) Le when x is 


for the perpen- 


conſtant. Now let the above equation, viz. 1 —* —5— Ps: 


I „ —— A de put into fluxions, firſt with y, and 


then with x conſtant, and then in the fluxional equations thence ari- 
ſing ; ſubſtitute for 2, the reſpective values found above, we ſhall 
have, after due reduction being made, the following equations, K x 
TDXAFxCR =L XFCXCRxTE—K+LxXAFxXDRx*TE, and 
M+Lx TDxBIxXCR= TE xXCRxEI x L—DRxTEXBI x 
MI. From theſe equations, it may be eaſily ſhewn, that K is to L, 

| as 
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fin < ACD | fin A CDE. 5 
* A ACF ba < FC CD * in <TDP x i EDP ® 
hs ©. M: fin SC DE fin DEB 1 


* fin < CDP x fin EDP n & DEI x fin < BEI 


which exactly coincides with the concluſions in pages 935 119, and 
121. 


PROBLEM LV. 
ET the firing A C E B. whoſe ends A and B are faſtened to two 


of diviſion C, E, by means of the. ſtrings CG K, E ML, paſſing 
freely over two ſmall pullies fixed in the given points G, M; it is 


required to determine the poſition of the ſtrings, when theſe weights | 


are ſuſtained in equilibrio. 
S o LUTIO N. 


Suppoſe it done, and ACGKLMEB the poſition required. From 


the points G, M, C, E, draw GP, MH, 


CF, El, perpendiculars; and CS, CD, EE. TH 


ET, parallels to AB. Put AC r a, 
CE ==], EB=e, AB =, AP=c, 
BH g= ad, PG=r, HM =s, L and 
for the reſpective lengths of the ſtrings 
CG K., EML, AF = x, BI Sg; 
then will FI =z—x —y, PF =SC 


* 
ut 12 N 
= Xx — c, IHS ET =y—4, FC 


hence we have V e.. = * + 


= Ve? Again, GC = SEFRITE md EM = 


| 


1 


2. 


f '6* — 14 —5 3 


Nn 


tacks in the horizontal line AB, be divided into the given parts 
AC, CE, EB. Let alſo two weights K, L, act upon thoſe points 
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72 = Vi a TY; therefore, by Lemma 1, the perpendicular 
Ciſtance of the common center of gravity of the weights K, L, from the 
. line AB, will be expreſſed Kr into r + L — 


7 + . added to KE into s +1 — 


/ = + > which muſt be a maximum ; and take | in 
4 xxx AF LIC x Ho Bas 


X rp and, by _ alſo the fluxion of the equation, * the re- 


. —◻△πο X x — = 


=T FIN Flxy_AFxx Blxy 
TY ms DE Ga a F andconſequenty 


ths FIxFCXEI—EDXAFxEL 1 FIxFCxEI—EDxAFxFy 
— ZECxFIXEI—-DE xBIxFC* — I x EI-DE x BI 


| ELx EMXSGx AF+ SCXECXEIXEM 
=Kx— —GC x MT x BI-GCXxET xEI 


Cox ol. 1. if ED=o, o 6 tes EC parallel to the horizon, the 


EM x SG x AF+SCxFCxEM 
aft equation becomes L FCS KX NMT HIT GOxET EC: 


Coro. 2. If SC and ET are each =o, our general equation be- 


Mz” AFxFIxEI+AFxDExBI 
comes L K x EDXAFxBI+BIXFIXEC * 


allo ED =0, t then L=K x 1 · and L:K:: AP. Bl. 


wherein, if we * 
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PROBLEM LULVI. 
4 firing WACDEBS flides freely over two ſmall pullics 
placed at the points A, B, in the horizontal line AB; at the ex- 
tremities of this line, the weights W and S are appended, as are alſo 
the weights K, L, M, at the aſſigned points C, D, E; it is required to 
nd the poſition of the ſtring, when the weights W, S, ſuſtain the others 
K, L, M, in equilibrio. 


SOLUTIO N. 

Let ACDEB be the required Poſition of the firing ; and from 
the points C, D, E, draw DF, DP, , 
EI, perpendicular to AB; draw A 3 LY 1 B 
alſo CR and E T parallel to A B. N | 
Put AB = A, CD 3, DE = c, N R 
AF =x, Bl =y, FP=s, AC L- | 
=2, L and 1 for the reſpective W | 
lengths of the ſtrings CAW, EBS; — ID 
then will FC PR = n | | 
DR V DP D 2 

+ Vb—u hence we get BE= L) 


Dr . I + „. Hence, by 


Lemma 1, we have WK TIF s into LW- WK 


LX ML F=D + Mx ZZ" 0's 
M NV * Mx . n 


7. = EIS „ 
dicular diſtance of the common center of gravity of all the weights, from 
We OO EN which muſt be the greateſt poſſible. In . 
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C Wy 
with 2 variable, gives K x fe + Ly C MN FPS =S 


EIN AC 
FC x BE © Ws © 
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and by taking the fluxion of the ſame expreſſion, with x 


AF AF SxEl 
variable, we ſhall have KFC Lo FE + M x * F = Ken 


SxPxX£El PI 
PRI — Xx HT > and again, by taking the fluxion of the above 


expreſſion, firſt with v. and then with u variable, there will ariſe the fol- 


SNK PIX EI PI BI CR 
"—_ equation, VIZ. BEX DT — Mx . BE a E 


4 CR SX CRX EI SxPIXEI PI 
ITN *DR © BEN DR DT x BE Om If for —M x 
Ty 3 in the ſecond of the foregoing equativns, we ſubſtirue its value, found 
SxBI 
= ay 


AF 
by the third equation, we ſhall have K+ L+ M Xx Fe FC yy 


SxEIXAF _...  S%XAFxEI AEN W 
FE which is allo equal to FCN EE Ac n there- 


fore AF x BE N W = S BI x AC, or W: S:: BE AC. This ratio of 


W to 8 might have been otherwiſe determined, as in the following 
manner: 


' Let the forces acting in the directions C D, DE, be repreſented by 
m and u reſpectively; then, becauſe W is the force acting in the di- 
rection A C, it will be W: :: fin SFCD: fin < FCA; and again, 
m: n:: ſin PDE: fin S PDC, alſo 2: S:: fin IEB fin S IE D, by 
Problem III, therefore W: S: ſin BEI: fin ACF; for the ſines 
of the angles FCD, PDC, are equal, as are alſo thoſe of the angles 
PDE, IE D. If the weights K, L, M, act in oblique directions, the 
ratio of W to S will be that of the reſpective products of the ſines of the 
angles, (the former of the fines of the angles towards the right-hand, 2 


acting in the directions K C, 
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the latter of thoſe of the angles towards the left- hand ) which thoſe direc- 
tions make with the * parts of the ſtring. 


5 BI AF — © 1 

Co Rol. 1. W: S: BE: Cor: : fn BEI: im S ACF, 
let the number of ;nterinecion weights (acting in directions perpendicular 
to the horizon) be what they will. 


5 He m 
Con ol. 2. K+L+M = =5 imo R= BE. 


Con OL. z. If the firſt ſide AC, and laſt BQ, of any 2 po- 
lygon AC DP QB, formed 


by the forces K, L, M, Sc. 


LD, Sc. be produced until 
they interſect, as in T; and 
the angle AT B divided by S 
the right line TG; ſo that 

the fines of the angles ATG, 
G TB, may be reciprocally 
as the forces A and B, act- 
ing in the directions A C. 
BQ; then will TG be the 
direction of the effort, ariſing from the joint action of all the inter- 
mediate forces K, L, M, Fc. and will be to the reſiſtance of either of the 
fixed points A, B, as the ſine of the total angle AT B, to that of the cor- 
reſponding partial angle ATG or BTG; which agrees with what 
M. Bernoulli has inveſtigated, by a different method, in his Eſay de la 
Manewvre des Vaiſſeaux, Chap. 15, pop 3. 


X ÞG 


degenerates into a curve AB, by the action 
ral parts of the ſtring, or by the abſolute 


from the points of ſuſpenſion A, B, drawn 


perpendicular to its curvature in the ſeveral 


and EF be two curves, 
formed by an infinite num- 


directions perpendicular to 
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Cool. 4. If the directions 
of the reſpective forces be pro- 
duced to their points of inter- 
ſection E, F, G, Cc. and e, J, g. 
&c. be put for the forces with 
which the parts CD, DP, PQ, 
Sc. are drawn in the directions 
of their lengths, then will K = 

DC DP 
e 


, . 


Coro. 5. If the hn ACDFB. 
of innumerable forces, applied to the ſeve- 
weights of the ſaid parts; then (having 


the tangents AT, BT) if the forces act 
upon this cord or ſtring, in directions per- 


points thereof, the line GT, which biſe&s the angle A T B, will be the 
direction cf the joint effort of all the forces acting upon the propoſed curve. 
Bur if thoſe forces act in directions perpendicular to the horizon, which is 
the caſe when the curve is formed by the gravitation of its parts; then GT, 


perpendicular to the horizon, will become the direction of the joint effort 
of all the forces acting upon the ſaid curve. 


Conor. 6. Let AB G TI 


ber of forces, acting in 


the ſeveral parts of thoſe 
curves; and let alſo GP 


and GQ, HR and HS, be radii 3 to the n Q and 


rr w „ 
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R, S. This premiſed, let M and T repreſent the forces acting in the di- 


re&io:; PG, HR, g and 5 thoſe with which the indefinitely ſmall parts 


Q, SR, are drawn in directions of their lengths; then, if we ſup» | 


poſe the forces MT in equilibrio with the others g, B, there will ariſe 
gx PKR T UN RSM 2 


—CÞ = "JR becauſe, by Corol. 3, M = Gp > FS 
"ul, GPxM HRxT 


A bence g. 5. l ; wherein, if we take PQ 


=RS, g will be to h, as GP M to HR x T. 


E R R A T A. 


AGE 8, Line 17, for Ee, read E. P. 36, for N upon the fig. read A; and, for maxi- 
P mum, at l. 3, d. bottom, read Ex bn P. 55, for EH, in the laſt line, read 
H. P. 59, I. 13, for G, read GD. P. 75, l. 11, for AE, ad AF, P. 100, I. 16, delt e. 
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The following BOOKS are all written by Mr. Tomas S1MPSON,, 
F. R. S. and printed for J. Nouksz. 
J. SS AVS ON SEVERAL CURIOUS AND USEFUL SUBJECTS, IN SPECULATIVE 


AND MIXED MATHEMATICES ; in which the moſt difficult Problems of the 
firſt and ſecond Books of Newton's Principia are explained; in 4to. 


II. ien DissERTATIONS on a Variety of Phyſical and Analytical 
Subjects 5 in 4to. 


III. Mtiscertaveous Txacrs on ſome curious and very intereſting Subjects in 
Mechanics, Phyſical-Aſtronomy, and Speculative Mathematicks, in 4to. 


IV. Taz DocTrinNE or ANNUITIES AND REVERSIONS, deduced from general 


and evident Principles ; with uſeful Tables, ſhewing the Values of fingle and joint 
Lives, &c. in 8vo. | 


V. A TREATISE OF ALGEBRA; wherein the fundamental Principles are fully and 
clearly demonſtrated, and applied to the Solution of a great Variety of Problems, and 
to a Number of other uſeful Enquiries. 2d Edition, in 8vo. 1 5 
VI. Taz DecTRINE AND APPLICATION oF FLUxIONs ; containing (beſides. 
what is common on the Subjet) a Number of new Improvements in the Theory, 


and the Solution of a Variety of new and very intereſting Problems in different 


Branches of the Mathematicks, 2 vols. 8vo. 


VII. TRIGONOMETRVY, PLAIN AND SPHERICAL, with the Conſtruction and Ap- 


' plication of Logarithms, in 8vo. 


VIII. SELECT EXERCISES for Young Proficients in the Mathematicks; containing, 
beſides a choice Collection of Problems, both algebraical and geometrical, the whole 
Theory of Gunnery; a very accurate and ſuceinct Demonſtration of the firſt Princi- 
ples of Fluxions ; and a Set of Tables for the Valuation of Annuitiss and Reverſions, 
more comprehenſive than any extant. 8vo. - 


* 


. 7 Mere may be had, 


I. ATarArisk, containing the ELEMENTARY PART of FoRTIFICaTION, Re- 
gular and Irregular, with Remarks on the Conſtructions of the moſt celebrated Au- 


thors, particularly of Marſhal pE VAauBan and Baron Cofnorn; in which the 


Perfection and Imperfection of their ſeveral Works are conſidered. For the Uſe of 


the Royal Academy of the Artillery at Woolwich. Illuftrated with thirty-four Copper- 
plates; by Jo#n MULLER, 8vg. - | | 


II. A TrEaTisE oF ALGEERA, in three Parts; containing, 1. The Fundamen- 
tal Rules and Operations. 2. The Compoſition and Reſolution of Equations of all 
Degrees, and the different Affection of the Roots. 3. The Application of Algebra 
and Geometry to each other. To which is added, an Appendix, concerning the ge- 
neral Properties of Geometrical Lines. By Col ix MacLaukin, M. A. late Profeſſor 
of the Mathematicks in the Univerſity of Edinburgh, and F. R. S. in 8 vo. 
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